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Equations of atmospheric motion in non-Eulerian
vertical coordinates : vector-invariant form and

quasi-Hamiltonian formulation
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Abstract

The curl-form of equations of inviscid atmospheric motion in general non-Eulerian coordi-
nates is obtained. Narrowing down to a general vertical coordinate, a quasi-Hamiltonian
form is then obtained in a Lagrangian, isentropic, mass-based or z-based vertical coordinate.
In non-Lagrangian vertical coordinates, the conservation of energy by the vertical trans-
port terms results from the invariance of energy under vertical relabelling of fluid parcels.
A complete or partial separation between the horizontal and vertical dynamics is achieved,
except in the Eulerian case. The horizontal-vertical separation is especially helpful for (quasi-
)hydrostatic systems characterized by vanishing vertical momentum. Indeed for such systems
vertical momentum balance reduces to a simple statement : total energy is stationary with

respect to adiabatic vertical displacements of fluid parcels. From this point of view the
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a1

purpose of (quasi-)hydrostatic balance is to determine the vertical position of fluid parcels,
for which no evolution equation is readily available. This physically appealing formulation
significantly extends previous work.

The general formalism is exemplified for the fully compressible Euler equations in a La-
grangian vertical coordinate and a Cartesian (z, z) slice geometry, and the deep-atmosphere
quasi-hydrostatic equations in longitude-latitude horizontal coordinates. The latter case es-
pecially illuminates how the apparent intricacy of the time-dependent metric terms and of
the additional forces can be absorbed into a proper choice of prognostic variables. In both
cases it is shown how the quasi-Hamiltonian form leads straightforwardly to the conservation
of energy using only integration by parts.

Relation with previous work and implications for stability analysis and the derivation of

approximate sets of equations and energy-conserving numerical schemes are discussed.

1. Introduction

Ideal fluid motion obeys many conservation laws (mass, energy, linear/angular momen-
tum, potential vorticity). Certain forms of the equations of motion expose explicitly these
conservation properties. Such forms are a good starting point to devise numerical methods
that inherit from the continuous equations as many of their conservation properties as possi-
ble. For example the flux-form of the equations is the basis of finite volume methods which
inherently conserve mass, energy and momentum.

Besides the well-known flux-form of the equations, another form exposing conservation
laws of energy and (potential) vorticity is the curl form, also known as the vector-invariant
form. The curl form of the equations is the standard starting point to yield numerical meth-
ods conserving energy, potential vorticity and/or preserving geostrophic balance (Arakawa
1966; Sadourny et al. 1968; Sadourny 1975; Arakawa and Lamb 1981; Ringler et al. 2010;

Gassmann 2013). The existence of the curl form results from Hamilton’s principle of least
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action with a Lagrangian satisfying the fluid parcel relabelling symmetry (Padhye and Mor-
rison 1996). However it can also be obtained from the usual forms using standard vector
calculus, as we shall do here.

For ideal fluid flow, the curl form of the equations of motion is intimately related to their
Hamiltonian formulation (Holm et al. 2002, 2009). Instead of focusing on evolution equa-
tions for the degrees of freedom (DOFs) of a physical system, the Hamiltonian formulation
focuses on the evolution of any quantity that can be expressed in terms of the DOFs. In
addition to re-expressing the equations of motion, this approach is particularly suited to
the determination of those quantities that do not evolve, i.e. the integral invariants such as

mass, energy, and angular momentum.

In geophysical fluid dynamics as well as in numerical models of the atmosphere and
oceans it is customary to use as an independent vertical coordinate various time-dependent,
monotonic functions of the vertical position : pressure, density/potential temperature or
combinations thereof (Starr 1945; Kasahara 1974; Laprise 1992). This can be advantageous
to cope with bottom orography /topography, to allow for a free-surface upper boundary con-
dition or to reduce the exchange of mass between quasi-horizontal layers and the associated
numerical diffusion (Bleck et al. 2009). How to re-write the advective form and the flux-form
of the equations in such a coordinate system is well-known (Kasahara 1974; Laprise 1992;
Staniforth and Wood 2003). If the vertical coordinate is time-independent, i.e. z—based,
standard expressions of the curl and grad operators in curvilinear coordinates can be used to
re-write the curl form as well. However in the general situation where the vertical coordinate
is time-dependent, such a systematic treatment of the curl form is lacking. Moreover, given
the close relationship between the curl form and the Hamiltonian formulation, it seems im-
portant to investigate how they transform when expressed in a general vertical coordinate,
which is the main goal of this work.

Because the conservation of energy is built into the Hamiltonian formulation of the laws of
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ideal fluid motion, it has been advocated for some time now that energy-conserving numerical
schemes should be obtained by discretizing the Poisson bracket and the energy themselves,
rather than the curl-form equations (Salmon 1983, 2004; Gassmann 2013). Furthermore,
since conservation laws impose constraints on the admissible flow motions, formalisms that
embody the conservation laws are useful also for purely theoretical purposes. An example
is the derivation of stability criteria by the energy-Casimir method (Arnold 1965). This

provides the two main motivations of our stated goal.

The simplest possible Hamiltonian system is

dg OH dp OH d [ g 0 1 OH/9q
& @ o T @ B
p q P -1 0 OH /0p

When (1) holds, p and ¢ form a pair of canonical conjugate variables. The energy H(p, q) is
typically of the form H = p?/2m + mV (q) where m is the mass of a parcel, ¢ its position,
p = mdg/dt its linear momentum and V' (¢) a potential.

More generally, for an abstract dynamical system whose degrees of freedom are subsumed
in a state vector q, a Hamiltonian formulation is obtained if the equations of motion, assumed
here to be already known, are cast in a form where all tendencies are linear functions of the

derivatives of energy H(q) with respect to q :

dq . OH
dar J dq )

where the matrix J(q) is antisymmetric and can depend on the current state q. From the

form (2) the evolution equation for an arbitrary quantity F(q) is obtained as :

i—f:{F,H}, {F,H}:(?—Z)*-l(@a—z):—{HaF} (3)

where ()>k means the transpose. For fluid flow q € Q where Q is an infinite-dimensional
space, typically a product of spaces of smooth scalar or vector functions over some physical

or computational domain with appropriate boundary conditions. JFE/Jq is then a functional

4
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derivative belonging to Q*, the dual of Q, and J is an antisymmetric bilinear form on Q* x Q*.
However in practice 0E/0q can be represented concretely as an element of Q and J as a
skew-symmetric differential operator J : Q — Q.

Conversely, (2) follows from (3) by considering all linear functionals F'. Therefore, (2) and
(3) are two equivalent representations of the Hamiltonian formulation. The antisymmetry
of J is equivalent to the antisymmetry of the bracket {F, H} = — {H, F'}, from which the
conservation of energy dH/dt = {H, H} = 0 follows. In fact, (3) with an antisymmetric
bracket is insufficient to define a Hamiltonian system. An additional property is required,

the Jacobi identity :
{F.AG, H}} +{H, {F, G}} +{G, {H, F}} =0, (4)

for all functionals F, G, H on Q. Antisymmetric brackets satisfying the Jacobi identity (4)
are called Poisson brackets (Morrison 1998). However as long as one is chiefly interested in
the conservation of energy, the most important property is the antisymmetry (3). Here no
attempt will be made to prove Jacobi identities, and we will describe the systems we obtain
as quasi-Hamiltonian. As a consequence the Poisson bracket itself becomes less important.
Indeed if the equations of motion can be cast in the form (2), and it is known that energy
is conserved, then an underlying antisymmetric bracket must exist. This is the - admittedly
restrictive - approach that will be pursued here : starting from known equations of motion,
conserving a known energy F(q), the main goal will be to cast the equations of motion in
the form (2). For this it will be sufficient to obtain explicit expressions for the functional
derivatives 0F/0q, and to express the known time derivatives of the DOFs (i.e. the prog-

nostic fields) in terms of 0E/0q.

The main text is organized as follows. In section 2 the well-established relationship
between the curl-form and the quasi-Hamiltonian formulation in Eulerian coordinates is ex-
plained in more detail, introducing notation and concepts useful for the sequel. Our starting

point is the curl-form equations of atmospheric motion in general curvilinear coordinates as
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formulated in Tort and Dubos (2014). This formulation is concise and at the same time
captures many approximate sets of equations of motion, hydrostatic or not, assuming or
not a spherical geopotential, in a Cartesian, shallow-atmosphere or deep-atmosphere geom-
etry, and also allows sound-proof approximations and arbitrary equations of state. From
this starting point the curl-form and Hamiltonian formulation of the equations of motion
in a time-dependent general vertical coordinate are obtained in Section 3. The main task
there, as in Eulerian coordinates, is to relate the various terms appearing in the equations
of motion to functional derivatives of energy. The general result of section 3 is applied in
section 4 to specific vertical coordinates, i.e. isentropic, mass-based and z—based. Section 5
deals with hydrostatic systems. By ’hydrostatic’ we conflate strictly hydrostatic systems (i.e.
the shallow-atmosphere primitive equations) and quasi-hydrostatic systems where additional
forces, typically the non-traditional Coriolis force and possibly centrifugal acceleration, con-
tribute to vertical momentum balance (White and Bromley 1995; White and Wood 2012;
Tort and Dubos 2013a). It is shown in section 5 that hydrostatic balance has a simple and
physically appealing quasi-Hamiltonian formulation : energy is stationary with respect to
adiabatic vertical displacements of fluid parcels. In section 6 examples applying the previous
formalism to specific equations are provided : fully compressible Euler equations in a La-
grangian vertical coordinate and a Cartesian (z, z) slice geometry, and the deep-atmosphere
quasi-hydrostatic equations (White and Bromley 1995) in longitude-latitude horizontal co-

ordinates. Section 7 summarizes the results and discusses potential applications.

2. Curl form and Hamiltonian formulation in Eulerian co-
ordinates

The Eulerian coordinates we consider are general curvilinear coordinates (fk), k=123
We assume that the geopotential ® is a predefined function of the third coordinate, that is

£ = cst is an equi-geopotential surface (Tort and Dubos 2014). Derivatives with respect to
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Eulerian coordinates are noted d, = 9/0t and 0, = 9/0¢*. The notations 8/8t, d), will be
used later for derivatives with respect to non-Eulerian coordinates. Einstein’s convention of

summation over repeated indices is used.

a. Kinematics

Independently from the equations of motion under consideration, the transport equations

take the form :

aAS—i-ﬁl@Als = 0,
ot
O | A (oo
—+ 0, (pu’) = 0, 5
%  (pait) (5)
OW3) |, (isit) = o. (6)

where s is specific entropy, fi is pseudo-density, 4! = D¢'/Dt are the contravariant compo-
nents of velocity with D/Dt the Lagrangian (material) derivative. Eulerian variables that
change under a change of coordinates, are noted with a hat, e.g. i and 4. Coordinate-
invariant quantities like s and ¢ are left without a hat. In spherical deep-atmosphere ge-
ometry with (£1,€2,€3) = (A, ¢,7) one has (4!, 42, 4%) = (A, (ﬁ,f‘) where the dot stands for
the Lagrangian derivative, and i = r?cos ¢/a with « the specific volume. The Lagrangian

derivative considered as an operator acting on a space-time field is

_D é Al"
E—aﬁ-ual. (7)

For simplicity we will assume rigid boundaries in the main text. A free-surface upper

boundary condition with an imposed pressure is considered in Appendix A.

b. Dynamics

The dynamical equations, i.e. the momentum budget, are generated by a Lagrangian

density [:(fk , 4% 1, s) which is specific to each approximate system. Sound-proof approxi-

7
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mations are obtained by introducing a Lagrange multiplier A as an additional argument of
the Lagrangian density ﬁ(f’“, @*, 1,8, \) (see Tort and Dubos 2014). Once the Lagrangian is

specified (see section 6 for examples), the equations of motion take one of the three equivalent

forms
Do, OL 1, ( ,0L
= _Z) = 0 8
0%y fa AN AB . A
ét +u (0ﬂ}k—(9k?)l> +8kB—|—30kT = O, (9)
d . A oL oL
— (fiig) + O (ppd') — Ok | fi° = 10
- (k) + O, (fuona') k<,U a,z) Fragr: (10)
where
oL
T dar
. oL 0L . -
B = wil+s——=p—1
VU +585 (9/1’“ ,
T = 0L/ds,

Notice that the Eulerian frame is not necessarily inertial. Therefore @' are the contravari-
ant components of velocity relative to the considered Eulerian frame while the conjugate
momenta ¥; are the covariant components of absolute velocity relative to some Galilean ref-
erence frame. In spherical coordinates they are related to absolute angular momentum (see
subsection 6b). Hydrostatic systems are distinguished by the fact that 03 = dL/96* = 0. In
the case of sound-proof systems, one has in addition the constraint 8f}/ O\ = 0. Depending
on the specific sound-proof equation under consideration, A is to be interpreted either as the
full pressure, or as a non-hydrostatic pressure that comes in addition to a reference pressure.

The energy conserved by (9) is
H = /,:L (a’f@k - ﬁ) de. (11)

This expression is the standard expression for the energy conserved by the equations of mo-

tion resulting from Hamilton’s principle of least action with a time-independent Lagrangian.



175

176

177

178

179

180

181

182

183

1

-J
i

1

<]

5

186

187

188

189

190

c. Functional derivatives of energy

(5,6,9) suggests [i, 7, and mass weighted entropy S = jts as a suitable set of DOFs.

Energy becomes a functional H [@k, i, 5’} of those fields whose functional derivatives are

defined by :

OH
OH = /< 5 " )d3 , 12
5o it 2 13 (12)

where 0H is defined for fixed 00y, dfi, 55 as

OH = lim

H [uk V80, fi+ 20, S+ gaﬁ} _H [vk 2, S}

(13)

e—0 £

(13) defines 0H as a linear form over the space of DOFs, dq = (5@1@, O, 5§> € Q, ie.

OH € Q*. (12) represents the linear form dH in concrete terms through the functional

5Uk

derivatives (5?{ O 5H) € a.

) Ea E
From (12) one obtains dH /d¢ :

AR _ [ (s W,
a ek +

OH 4 &\ 13
14
Son 5 815,“ + - 53 tS) d’§ (14)

In fact (14) can be used as an alternative definition of the functional derivatives, valid

independently from the equations of motion. Hence in practice, computing the functional

derivatives of energy or an arbitrary integral quantity involves exactly the same algebraic

manipulations as computing its time derivative : differentiating under the integral and, as

much as necessary, integrating by parts.

In our case time-differentiating (11) yields

dH

dt

-
-

. L L -
[i* 0,0, + | WP, — L — ua Dufi — /la—ﬁts d3¢
ol 0s

e OL . AL\ ..  OL
0" 0yt + (ukvk + Sos L— M8ﬂ> Oft — aatS] d’¢. (15)

Comparing (14) and (15) yields the functional derivatives :

0H K OH - 0H
— = A’a s - = B, ~ — T ]‘6
0Dy a ofL 0S (16)
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Notice that for hydrostatic systems, the above calculations hold for £ = 1, 2 only because
03 = 91/00> = 0 cannot be a prognostic variable. Furthermore vertical mass flux 4> cannot

be expressed as a functional derivative of energy.

d. Hamiltonian formulation

With (16), the equations of motion and the kinematics can be recast under the desired

form, where all tendencies depend linearly on the functional derivatives of energy :

op  _oH
A = 1
5 + (5l 5@1 0, ( 7)
08 OH
A = 1
3 + 6 <S (5@1) 0, ( 8)
O | Otu — OO | g OH | 501 _ (19)

Now consider the evolution of another integral quantity F [@k, i, 5”} :

d OF A OF & OF A A
F (f F F >d3£, (20)

E = Eatvk + Eﬁtu + E@S

and inject (17-19) into (20). The result is an integral expression, the bracket {F,#H}, which
depends bilinearly on the functional derivatives of F and H. Since {F,H} must vanish
whenever F = H, the bracket must be antisymmetric. It is usually easy to show directly the
antisymmetry, possibly after some integration by parts. It is well-known that the bracket
resulting from (17-19) is antisymmetric and satisfies the Jacobi identity (Morrison 1998).
Hydrostatic systems can not be cast in the form (17-19) because jiti® cannot be expressed
as a functional derivative of energy. Therefore a different approach is necessary to obtain a
(quasi-)Hamiltonian formulation for hydrostatic systems. As will appear in section 5, and
already known for specific equation sets, one possible approach is to use a non-Eulerian

vertical coordinate (Holm and Long 1989; Roulstone and Brice 1995).

10
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3. Curl form and quasi-Hamiltonian formulation in non-
Eulerian vertical coordinates

As stated in the Introduction, we shall only verify that the equations of motion can be
written in (linear) terms of the functional derivatives of energy with respect to the prognostic
variables. The resulting antisymmetric brackets are given explicitly in Appendix D, but no
attempt is made to prove that they satisfy the Jacobi identity (4), therefore qualifying as

Poisson brackets.

a. Curl form in non-FEulerian coordinates
KINEMATICS

We now wish to transform the curl-form equations (9) to similar equations using inde-

pendent coordinates a* such that the Eulerian coordinates £¥ depend on a* and time :

&8 (a”, 1), O = 0/0d".

k. They are therefore arbitrary

We make no further assumption at this point regarding a
Eulerian-Lagrangian coordinates, including the cases of purely Lagrangian coordinates (La-
grangian labels) and purely Eulerian coordinates (time-independent £*(a*)).

Let u™ be the contravariant components of the flow in the new, non-Eulerian coordinate

system. i.e

D/Dt =0/0t + u™0,,. (21)
Therefore v™ and @' are related by

. Dé
il = Fi — 0.l + Ol um, (22)

In the case of a time-independent change of coordinates 9,{™ = 0, (22) reduces to the

transformation rule for contravariant components. For a time-dependent change of coordi-

11
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nates the motion 0,£™ must be taken into account in @". Corresponding to the Lagrangian

derivative (21), the mass budget in the new coordinate system takes the form :

g_l; +0 (') =0 where p=Jjr,  J=det [0:¢"].

DyNAMICS

Let v; = 9;6F9, be the covariant components of absolute velocity in the new coordinate

system. Using again the chain rule :
O = 0" (Din + DninDE™) + 0t
(Ot + (Omn = Duiin ) OE™ ) + OE O AE™ + D™
Y (}@k + (a}n@k _ ék@m) (il — O’ um)) + O, (DD E™)
(B + (Omtn — Do) @) = (D = D) ™ + 0 (0™
Using (9), one obtains the generalized curl-form :
Byt + (Onvy — Do) U™ + O, (B - @matgm) v sOT = 0. (23)

Notice that for a time-independent change of coordinates, (23) reduces (as expected) to
(9) with the covariant and contravariant components corresponding to the new coordinate
system. For a time-dependent change of coordinates, the curl-form (23) takes into account
™.

Having written the equations of motion in curl form in the new, time-dependent coordi-
nates, we now turn to the second step, which is to relate the terms appearing in (23) to the

energy. For this a set of prognostic variables must be defined first.

b. Prognostic variables in general vertical coordinates

We now need to distinguish the vertical direction £ = 3 from the horizontal directions

k = 1,2. For this it is implied that the indices ¢, j span the values 1,2 while indices k, [, m

12
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span values 1,2,3 as before. The coordinate a® is noted n as usual with hybrid vertical
coordinates (Kasahara 1974; Laprise 1992; Staniforth and Wood 2003). The time-dependent
change of coordinates to a general vertical coordinate is less general than the one considered
in section 3 : &' = a', u' = 4 and only &3 depends on (€%, 1, t). The pseudo-density, covariant
components of absolute velocity and vertical contravariant component of relative velocity,

mass-weighted entropy and vertical momentum are

= fi0,&’, vy =0+ 030,6°, W’ =1, S=ps, V3 = pos. (24)

The set of prognostic variables typically depends on the vertical coordinate chosen. For
instance while geopotential ® or equivalently the third coordinate &2 is a prognostic variable
if the vertical coordinate is Lagrangian or mass-based, it is not if the vertical coordinate
is Eulerian. Pseudo-density p is a prognostic variable with Eulerian or Lagrangian vertical
coordinates, but only column-integrated density is a prognostic variable with a mass-based
vertical coordinate. Entropy is not a prognostic variable if the vertical coordinate is isen-
tropic. In order to cover the Lagrangian, isentropic, mass-based and z—based coordinates,
we consider the set of variables (i, S, €3, v;, V3). Other choices are possible but this one
leads to simple expressions.

We start with a Lagrangian vertical coordinate. From there, a general formulation valid
for an arbitrary vertical coordinate is obtained by taking into account vertical transport. In
the next section isentropic, mass-based and z—based vertical coordinates can then be handled
as special cases, corresponding each to the removal of one prognostic variable among y, S and

&3, eliminating the redundancy present in a Lagrangian vertical coordinate (see Appendix

B).

13



264 . Lagrangian vertical coordinate
265 ENERGY
266 A Lagrangian vertical coordinate is defined by the property u® = 7 = 0. Therefore
27 U3 = 0,83 + 10,6 and the Lagrangian is expressed as :
L(g" u', &, &k ps) = L (6" u', & +u'€), /€] 5)

25 Where &, &, & mean 0,6%, 0,6?, 0,6°.

7

269 Using (24) energy is expressed in terms of the prognostic variables (u, S, &3, v;, V3) as :
o€ Vo S] = [ (i - L) dghagiay
— [ v+ vagt - i) aghagian (25)

270 Functional derivatives are obtained by time-differentiating (25) :

dr = / (uuiatvi — a—Lﬁts + (uivi —L - uaL) Oyt

dt Js @
0L , oL
+E Vs — p7508% — pusu' 8,8 — p5 0,65 | detde*dy
73 3
= / (/Luiaﬂ)i — a—LatS + B@t,u
0s

| 0L oL
+E0,Vs + (&- (Vau') = 9, (u2 ag) - ua—gg> &e&?’) d¢'dg®dn,  (26)

211 where we have used/defined

oL _ ol
. : oL oL
B = B—vgﬁf:uvi—l}—u%—l—sa.

272 DYNAMICS

273 We shall use as prognostic equations for v; the curl-form (23). Additionally, V3 is prog-

272 nosed using the flux-form (10) rewritten in the new coordinate system as :

Vs + 0; (Vau') — 0, (,:ﬂ 8%) 2k

oh ua—gg. (27)

14



275 Identifying the terms appearing in (23,27) with the functional derivatives explicited by (26)

276 yields the formulation :

O +

1

ajvi — @vj 5_%

(SUJ‘

ca

277 Equivalently, (28-32) have the form (2), i.e. :

78 where J is the skew-symmetric 6 x 6 matrix of differential operators :

279

Oy

O

2

s@l

862

(%1
V2
53
V3

O1vy — Oy

+T

2
01 (8)

I

15

oH
Ot + 0; (—>
(51]2'
52)1'
0H oH
2)ea ()
oH
0 Vs + 5—55
oH
3 —_—
até- 5‘/3
5_7-[
op
(5_7-[
gS
oAt
ov
A
51)2
o
083
o
oVs

2
62 (S)

Orv1 — 0102

I
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(28-32) presents a remarkable structure. First, the evolution equations for u, .S, v; involve
only functional derivatives with respect to yu, S, v;, while the evolution equations for Vs, &3
involve only functional derivatives with respect to V3, £3. The horizontal dynamics and the
vertical dynamics are therefore well separated, and coupled only through energy. Further-
more the evolution equations for p, S, v; are identical to the Eulerian equations (17-19),
except that they are two-dimensional instead of three-dimensional. This two-dimensional
structure presents strong analogies with that of layered models, like the Saint-Venant, Ripa
or Green-Naghdi equations. Finally the equations for Vi, £3 are those of a pair of canonical

conjugate variables, i.e. (1).

d. General vertical coordinate

We now consider the case of a non-Lagrangian vertical coordinate, i.e. 1 # 0. It must be
noted that fields (i, S, €2, v;, V3) do not depend on the vertical coordinate being Lagrangian
or otherwise. By this we mean that if one considers the Lagrangian vertical coordinate
that coincides at a given instant ¢ with the non-Lagrangian coordinate under consideration,
i.e. with the same £3(£%,n), then the flow is described by the same (u, s, v;, V3) in both
coordinates. As a consequence it is sufficient to add to (28-32) the terms proportional to
7] expressing transport across surfaces n = cst, as well as the correction of the Bernoulli

function included in (23). The resulting equations of motion are :

) OH
Ot 4 Oy (pm) + ai% = 0,

0:S + 0; <s%) +0,(Sn) = 0,

Ovi + (Oyvi — dyvs) 1 + Oy — Oy O + 0; <5—H + 7703) + s0; (5—H> = 0,

L ov; op 05
OH
3, 09 ¢3 _
0&” + 10,§ —5% 0.
) oH
O Vs + 8,, (V377) + _(553 = 0,

16



208 l.€. :

oH
1 op Oy (1)
OH '
g Oy (15)
| v, | +V-+T- 5o =0 where V 1 1= | 50,0, +vsdin | - (33)
J
5 oH 70, €3
é“ 5_63 775715
v o 9, (1VA)
oVs

200 It is shown in Appendix B that variations of the form V - dn correspond to an infinites-
;0 imal vertical relabelling which does not change the flow, only its description in terms of

s0 (p, S, €3, vy, V3). Due to invariance of total energy to such a vertical relabelling :

i
op
o
gS
V. —H =0 (34)
5’Uj B

5H
5
oM

Vs

302 where V* is the adjoint of V :
V* (B, T,U", a0, B) = —pudyB — SO,T + U'd,v; — v30,U" + d,&* — V30,.

303 Using the skew-symmetric character of J and the above property, one finds that the form
300 (33-34) of the equations of motion implies straightforwardly the conservation of energy.

305 (33) is not fully in quasi-Hamiltonian form since the vertical transport terms are not ex-
s06 pressed in terms of functional derivatives of H. Such an expression requires the specification
sor  of the vertical coordinate being used. In the next section we specialize (33-34) for isentropic,

s0s  mass-based and z-based coordinates.
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4. Specific vertical coordinates
a. Isentropic vertical coordinate

An isentropic vertical coordinate is a special case of a Lagrangian vertical coordinate,
where furthermore entropy is a prescribed function s(n) of the vertical coordinate. As a result

S is slaved to u and ceases to be prognostic. Letting H' i, v;, €3, Va] = H [u, us, vy, 3, V3]

OH _OH | oM
on op ' 08S”

with the other functional derivatives identical. (33-34) then simplify to :

OH’
7 o O Oy
(SHI P (92111 - (91’02
) i om-an "
Ol vy, |+ 5 =0, J.=| o, 42720
2
o 5H' s
53 -1
Vs OH 1
%

b. Mass-based vertical coordinate

A mass-based vertical coordinate n € [0, 1] is characterized (see Appendix C) by the fact

that the pseudo-density yu is related to the column-integrated mass M (&%, t) by :

ML) = /O pdlny (35)

p = AM+ B (36)

where the profiles A(n) and B(n) are prescribed with A(0) =0, A(1) =1, B(0) = B(1) =0
and A’ = dA/dn, B' = dB/dn. (36) expresses the fundamental difference between La-

grangian and mass-based hybrid coordinates : with the former p is a prognostic variable
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327

328

329

330

331

332

333

334

while with the latter p is slaved to M through (36). Therefore energy H’ possesses a func-

tional derivative with respect to M, not pu :
H [0, & Vs, M, S] = H[v;,& Vs, AM+B,S]. (37)

From definition (37) derivatives of H and H' with respect to prognostic variables other than
w, M are identical. With this in mind, we rewrite equations (33) as well as the kinematic

equations in the mass-based coordinate :

1 /
oi+o, [ Hay — 0, (38)
0 6112‘
DS + 0, G%) +0,(S7) = 0, (39)
. 8]'121' — @vj 6H/ 57‘[ . (57‘[, .
8th + (3,7121 — aﬂjg) n + 1 5Uj + 81 <m + 77’03) + Saz (g) = 0, (40)
) OH’
Vs + 9, (Van) + e 0, (41)
OH'
3 4 90,E3 — = 0. (42

In (38-42) it is not obvious that all tendencies are linear combinations of derivatives of energy.
The problematic terms are 7 and the Bernoulli function dH /du. In fact it is shown in Ap-
pendix C using the local mass budget that un is obtained linearly from dH'/dv;. Furthermore

O0H /dp is the unique solution of the linear problem :

SH SH’ o’ o OH’ SH’ oH
A NP, i A A 7Ty
ot = (0) S~ 0 (W ) + (0,6 s~ Vidy S~ 50,75 (49
LoH SH’
Ry = 44
/0 A = G (44)

(43) is just (34) and (44) is obtained by varying M in definition (37). Hence both 7 and

the Bernoulli function are also expressed linearly as a function of the derivatives of H' and

(38-42) is of the desired form where all tendencies are linear in the derivatives of energy.
(38-42) is the quasi-Hamiltonian formulation of the equations of motion in a mass-based

vertical coordinate. Horizontal and vertical dynamics are still well separated, although not
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336

337

338

339

340

341

342

343

344

as well as in the Lagrangian and isentropic cases due to the horizontal-vertical coupling

through vertical transport terms proportional to 7 and also through (43-44).

c. z-based vertical coordinate

In a z—based coordinate, £3(x;, ) is prescribed and ceases to be prognostic. The con-

dition 9,62 = 0 determines the value taken by 7. All terms in the remaining prognostic

equations are then fully defined. Strictly speaking, total energy becomes a functional of

(i, S, v;, V3) only so that it has no functional derivative with respect to £3. The relabelling-

invariance property then provides a definition of the missing derivative.

substitutions :
Y .
no= (8775 ) 5‘/})7
oH -1 oH oH O0H oH
5—53 = (an£3> (Iu,ana + Saﬁﬁ — 5—7%8771)@- + Ugaié—vi + ‘/},an
one obtains the quasi-Hamiltonian form :
5_7-[
M O
OH
7
O U1 + .- 5_1}1 =0,
oH
(%) -—
5’02
Vs oH
oVs
o) s Oy (f1°)
1 (s) s (s) Oy (fis°)
82111 — 61’02 8771)1 U3
J. = O 50 1 9, €3 + 0 (3n§3
811}2 — 821]1 8 (%) U3
15, _ ¢ 5,
. . —0OpU1 + 0301 —0Ohve + U302 V30, 3
[0, 150, N 0,67 0,68 + 0, (87;53

20

o1
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350

351

352

353

354

355

356

357

358

359

360

Notice that this formulation is not fundamentally different from the standard Eulerian one
(17-19) since it can be derived from it by a time-independent change of coordinates and
prognostic variables. Nevertheless (17-19) gives an equal treatment to the three momentum
components v while (45) treats differently horizontal components v; (not mass-weighted)

and vertical component V3 (mass-weighted).

5. Hydrostatic systems

Sections 3 and 4 deal with systems for which vertical momentum V3 is prognostic, i.e.
non-hydrostatic systems. In this section we examine the simplifications that arise with

hydrostatic systems, which are distinguished by the fact that 8ﬁ/ Ou? = 0, hence V3 = 0.

a. General vertical coordinate

The vertical relabelling invariance property simplifies to :

OH OH OH OH

Top
Repeating the calculations of subsection 3b without V3, one finds that the functional deriva-

tives of energy are unchanged. Furthermore the vertical momentum balance (27) remains

valid with V3 = 0. Hence :

OH :
8,5M + @ (57) + 077 (Mﬁ) =0 (47)
0,5 + 0; (s%) +8,(Sn) = 0 (48)
. 8jvz- — (9in 57‘[ (SH (57‘[ .
0H
& = O (50)

Again, (46-50) imply the conservation of energy for any . Comparing (47-50) to (28-32), one

sees that only the horizontal part of the dynamics remains, while the vertical dynamics have
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reduced to hydrostatic balance, expressed concisely in terms of energy as (50). This form is
valid for all known hydrostatic systems, since all derive from the Lagrangian considered by

Tort and Dubos (2014).

b. Lagrangian vertical coordinate

Hydrostatic balance is often considered as a problem from which one deduces pressure.
However, because a prognostic equatiion for 3 is missing from (47-50), it is rather an equa-
tion for the vertical position & of air parcels. This is consistent with the fact that geopoten-
tial ®(£3) is a diagnostic quantity for hydrostatic systems formulated in a general vertical
coordinate. (50) shows that the hydrostatically-balanced state makes energy stationary with
respect to vertical displacements, for given u, S, v;. The temporal evolution of a hydrostatic

system from time ¢ to ¢ = ¢t + dt can therefore be conceptually split into two steps :

e An evolution step where the independent DOFs v;, 1, S are evolved from time t to ¢’
according to (47-49) with 5 = 0. The resulting state (v;(t'), u(t'), S(t'), £(t)) is in

general not hydrostatically balanced because £2 has not evolved.

e An instantaneous hydrostatic adjustment step during which the fluid parcels are dis-

placed vertically in order to restore hydrostatic balance (50).

Since the adjustment step leaves p, S unchanged, it is adiabatic : air parcels conserve their
mass and entropy. Furthermore since v; is the same before and after adjustment, absolute
vorticity 0;v; —0;v;, hence also potential vorticity, is conserved as well during the adjustment
step. Total absolute angular momentum is also conserved since it is a function of v; and p
(Tort and Dubos 2014).

For finite dt¢, energy changes during adjustment by :

OH = / (% GUE s%’))) d¢ldedn + 0 (€(1) - €(1)"
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But energy changes only by an amount O (£3(t) — &3(¢/ ))2 = O(dt?) precisely because the
adjusted state satisfies the stationarity condition (50) . Hence the adjustment step does

conserve energy in the limit d¢ — 0.

c. Mass-based vertical coordinate

When a mass-based vertical coordinate is used, the vertical mass flux can be expressed
in terms of derivatives of energy in the same way as for non-hydrostatic systems. Indeed
this expression results only from the kinematic part of the equations of motion, and remains
the same for hydrostatic or non-hydrostatic systems. Therefore the mass-based vertical
coordinate possesses the same advantages as the Lagrangian/isentropic vertical coordinate
to formulate hydrostatic systems. As in section 3, (46) provides a definition of dH /du in
terms of the other derivatives of energy, and allows the cancellation of the terms due to

vertical transport in the energy budget. This point is exemplified in subsection 6b.

d. z-based vertical coordinate

Section 2 ended with the conclusion that in Eulerian coordinates the vertical mass flux
could not be expressed as a functional derivative of energy for hydrostatic systems, which
suggested the use of a non-Eulerian vertical coordinate to obtain a quasi-Hamiltonian formu-
lation of such systems. We are now in a position re-examine this conclusion. Starting from
where we stood at the end of section 2, the pending issues are the expression of hydrostatic
balance in terms of energy and the determination of vertical transport.

Regarding hydrostatic balance, it can now be expressed as dH/5¢3 = 0. One may also
wish to formulate it in terms of derivatives of H with respect to the prognostic fields u, S, v;.

The relabelling invariance (46) provides the desired formulation :

OH OH oH
Mana + Sang - (Gnvi) 5—1}1 =

When & =7, (51) reduces to (19) with & = 3 and 93 = 0.

0. (51)

23



406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

Regarding the determination of 7, a linear equation for it can be obtained by time-
differentiating (51) and substituting time derivatives using (47-49). It is shown in Appendix

E that the resulting equation is :

2
(gg—?f (0,6%n) = r.h.s. (52)
where 6*H/ (553)2 is a self-adjoint vertical differential operator. For the shallow-atmosphere
primitive equations, (52) is known as Richardson’s equation Richardson (1922); Kasahara
(1974). For quasi-hydrostatic systems a more complicated equation is obtained (White et al.
2005).
(52) emphasizes the relation between Richardson’s equation and the hydrostatic adjust-
ment process discussed in subsection 4b. Indeed let us again conceptually split the horizontal

dynamics from the vertical dynamics while going from time ¢ to . We now have a three-step

process :

e an evolution step evolving v;, i, S from time ¢ to t' = t + §t according to (47-49) with

7 =0, as in 5Hb.

e a hydrostatic adjustment step that corrects &3 to restore hydrostatic balance, as in 5b.

The correction ¢ = &3(') — £3(t) satisfies at leading order in 4t :

PH O
(6¢)*> o€

which can be interpreted as one Newton-Raphson iteration to solve dH /5¢3 = 0.

(vi(t), u(t), S(t), £(1)) (53)

e at the end of the adjustment step £ has changed. The invariance of the flow with

respect to variations of the form
dpp = =0, (nom), 65 =—0,(5m), 0v; = —0,v; 0, 66 = —0,6%6n.  (54)

can be exploited to bring £3(¢7, n, ') back to the prescribed value £3(£%, 7). Adding the

above variations does not change the flow (see Appendix B) and cancels the update
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(53) of &3 if n is chosen appropriately, i.e. dn = (/9,&*. It is the role of the verti-
cal transport terms to implement this vertical relabelling (remapping) step. Indeed

defining 7 by ¢ = 6t 9,£ 1 is equivalent to solving Richardson’s equation (52).

Therefore a physical interpretation can be given to Richardson’s equation (52) : it results
from the combination a hydrostatic adjustment step, needed to restore hydrostatic balance,

and a vertical relabelling step, needed to maintain a Eulerian vertical coordinate.

6. Examples

In this section the general framework derived in sections 3 to 5 is exemplified with two
concrete cases. Assuming an ideal perfect gas, we use potential temperature § and © = 6

instead of entropy. The following thermodynamic identities will be useful :

de de  Ip or Op dp
P="3a "3 26~ oa TP O0m=0, Oz5+az =0 (55)

where p is pressure and 7 is Exner’s function. In the first example the non-rotating fully-
compressible Euler equations are formulated in a Cartesian (z, z) slice using a Lagrangian
vertical coordinate. In the second example the three-dimensional deep-atmosphere hydro-
static equations are formulated in longitude-latitude horizontal coordinates and a mass-based
vertical coordinate. In both cases explicit expressions for the derivatives of energy are given,
and it is shown how the vector-invariant forms (28-32), (46-50) lead straightforwardly to the

conservation of energy.

a. Fully-compressible Euler equations in a Cartesian vertical slice

The domain under consideration here is a vertical slice (z, z) with a bottom z = z,(x).
The Eulerian pseudo-density is the true density i = 1/a. Independent variables are x = ¢!

and 1. £ = z(x,n,t) is a dependent, prognostic variable. The Lagrangian pseudo-density is
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p = 0yz/a. The Lagrangian is :

. 5.2 52 1
L(Z7/l787 JI,Z) - & ;_Z —€ (778) — 9= (56)
%

Conjugate momenta are simply dL/di = & and L/d% = 2. Clearly (8) with definition (56)
yields the fully compressible Euler equations.

We consider a Lagrangian vertical coordinate 77 = 0. The prognostic variables are pu, ©, z,
vertical momentum V3 = W = uZ and the covariant component v; = v = & + 20,z. The

energy as a function of the prognostic variables is :

W,

(o) (5)
u — z
0,z ©
Hipouwel = [ Ak +e(f,ﬁ)+gz pdady (57)

with e(a, ) internal energy. Time-differentiating under the integral, using (55) and

2 2
u o W r,. . 2 1 2\ 52
2 52 2 52
. 22 T W e Y, 0
and integrating by parts one finds
2 22
(;—7; S ;Z + gz — 302 (58)
L/
50
(;—Z = pu—Woyz = us
((55_17/11/ = F—u(?xz:,é—uazz
OH .
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sss Hence (28-32), which simplify here to :

atwam% ~ 0 (60)

%6 + 0, (0%‘) S (61)
atuwwi—?:waxg—g - (62)
8,52—;5—;[/ _ (63)
atW-f-(;—?; =0 (64)

a6 generate indeed the fully compressible Euler equations, formulated here with a Lagrangian
as7 vertical coordinate. Furthermore the top and bottom no-normal-flux boundary conditions
s are expressed as 0 H/dW = 0. Using (58-59) one can also check explicitly that (43) holds.

450 We shall now derive the energy budget resulting from (60-64). For this we do not need to
w0 know that #H and its derivatives take the specific form (57,58-59). Indeed using only (60-64)

s1  and no-flux boundary conditions dH /du =0 :

dH OH OH oH oH oH
w = / (Eﬁtu + E@t@ + 5_uatu + Watw + 5—287:3) dzdn

OH ., 0H O0H oH oH OH OH OH OH  O0H IH

OH (6H 0H

sz The above is a particular case of dF/dt = {F,H} with F = H, where the bracket {F, H}

63 1s shown in Appendix D to be antisymmetric.

awa 0. Deep-atmosphere quasi-hydrostatic equations

465 Now the domain under consideration is a fluid volume evolving between the surface
s of a spherical planet (with a planetary radius a and rotation rate ) and a free surface
w7 at the top of the atmosphere defined by the pressure p |,—,..= Poo. We consider stan-

ss dard longitude-latitude-radius coordinates (X, ¢,7) = (£',£2%,£3). The elementary volume is
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wo 12 cos pdAdpdr = 9,V d\dodr with V(é,r) = (1/3)r® cos ¢, so that the Eulerian pseudo-
a0 density is i = r?cos @/ with a specific volume. Geopotential is ®(r) = —ga?/r where g
w18 gravity at r = a, so that gravity at r # a is ga®/r*>. The dynamical equations of motion
a2 (Wood and Staniforth (2003), eqs 2.3-2.5) rewritten in terms of the contravariant velocity

a3 components >\,q§ and 7 are :

% (7“ cos (b)\) — rsin gA@ + 7 cos pA — 2Qrd sin ¢ + 207 cos ¢ (65)
r(ordp _opory _
uw\onox Onox)

D . . o L . ) rcos¢ (Ordp Opor\
Di <r¢> + 7r8in ¢ cos PA” + 7 + 2Qr X cos ¢ sin ¢ + <377 26 105) 0(66)
. . . 2 2
—r <cos2 AN + ¢2> — 20 cos® PN + a—g + o cos¢ Op = 0(67)
r? po O

aza - Onme can check that (65-67) are equivalent to (8) with the Lagrangian :

r2 cos ¢

I:(gb i, 0, A gb) = ﬁ <q32+}\20052¢> + QM2 cos? g — e 0| —d(r) (68)
) 7ILL’ ) ) 2 I[:L b .

75 Conjugate momenta are the covariant components of absolute velocity v; = u = 72 cos? ¢ (/\ + Q) ,
s vy = v = r2¢p (Roulstone and Brice 1995).

a7 We consider a mass-based vertical coordinate. Independant variables are X, ¢,n. £ =

as (A ¢, 1, t) is a dependent, diagnostic variable. The non-Eulerian pseudo-density is u =

a0 Oprft = 1% cos ¢d,r/a. Prognostic variables are M = [ udn, O, u, v. Total energy as a

as0  function of the prognostic variables and r, vertical position of the fluid parcels, is :

2
i oo = M(K(vaﬂ”)+e<w,%)+¢(T))d)\d¢dﬂ (69)
o[ Vioriinds,
n=1
1 (u—2cos?p\> 1 sv\2
where K(u,v,r) = §<W) +§<;> . (70)
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i1 Let us express the functional derivatives of H. Time-differentiating (69), using (55),

0 r?cos pO,r e O Oe
% (Me) O, r=cst - et (_ 'u2 6_0[ - Eﬁ) B 0’
Oe J , ,
1 o o = —pE (7" cos qﬁ@nr) ,
02 a2
8_K _ _%_2911 Qre cos ¢’
or r r

a2 and integrating by parts one finds :

0 2K — 12 cos? @) 2
oH = u ———2Qw+a—g + 7% cos ¢d,p (71)
or r r r2

2
L (72)
T

oH

o )
oH -

—_— et 4
oH

o . (75)

as3  Using :

OH 2K u—Qr?cos’¢p  a® : !
(9,7% = —T — 297 + ﬁg 8777“ + A@nu + (b(?nv,

u&(‘)n(;—g = 1% cos ¢d,r O,p,

ssa one shows explicitly that, in this particular case, (46) holds :

OH OH 0H OH OH
,u@nm + /L@(‘?WE - 3,&5 — 0yv— — 8,77“5 =0. (76)

ov
ass (71) shows that 0H/dr = 0 is is indeed equivalent to the quasi-hydrostatic balance (67).

a6 Assuming a mass-based vertical coordinate, the other dynamical equations, paraphrasing
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488
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490
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494

496

(49), are :

8tM+a)\/ —d77+8¢/ —dn = 0, (77)

20 + 0y (955—%) + 0, (955%) Lo, 00 = o, (78)
. O\v — Opu 0H OH OHY\

Oyu + Noyu — W + Oh— 5 + 60, ((5@) = 0, (79)
. ékv — 8¢u (SH 6H 57‘[ .

O + N0y + ——— S0 + 0p— 5 + 00, <%) 0. (80)

It is straightforward, but somewhat tedious, to show that (79-80) yield (65-66), as obtained

by Roulstone and Brice (1995) in an isentropic vertical coordinate.

budget is :
dH OH oH oH
0H 57{ 57{
OH 0H OH OH
_/ (QE@ (%) 56 (0 u )

Integrating by parts in A, ¢, then using éH /or =

6¢(;—7: + 0, (un) = 0 leaves :

The resulting energy

OH

+ _aﬂ) + (i;,—[ 3,:7’) dAdgbdn

ov

(778 U ék(?{) +

OH OH
+0%7%0, () +
OH

0 and the mass budget A’'0,M + 8,\5— +

‘;H (na v+ By (?{)] dAdédn

5H 5H
50 (9 5 )) dA\dedn.

dH OH oH
[ O0H 57‘[ OH OH i
-/ (n (Eanw e, ) econ (@) + 5240, (i) ) addody
which vanishes due to — / A’—dn and (76).

We finally consider a z—based Vertlcal coordinate. To obtain Richardson’s equation we

introduce 9 / Ot, the time-derivative computed as if the vertical coordinate were Lagrangian,

i.e. letting 7 = 0 in (47-50). Applying 5/51& to hydrostatic balance, using (55),

% <—¥ — 20 (——Qrcos ng) r_z >
% (—? — 29 (;—Qrcos (]5) r_z >

30

K+Q 20>
= 6 +2 u—292cos2¢—igg,
r r
A+Q
_ gt

)
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and letting dr / ot = —0,r 1) yields the one-dimensional elliptic equation for d,r 7 :
K+ 20>
[u (6# — 20% cos® ¢ — igg) + 27 cos qﬁ&,p} Oyr 1)
r r

+r2 cos 0, (l@&, (7’2 cos ¢pO,r n)) = r?cos o8 (l@@) — 2—’“ (()\ + Q) % + gb@

p O w00 ot r ot
2 2 2 3
+ ——2K — 2Q) cos gb—u r” cos” ) 4 (?—M
r 7 CoS ¢ 27 ot

7. Summary and discussion
a. Main results

In this work, we have established the curl-form of general equations of atmospheric motion
in non-Eulerian general coordinates (23). Narrowing down to a general vertical coordinate,
the form (33-34) has been obtained. This form is valid for all general vertical coordinates
and implies automatically the conservation of energy. A key for this result is the invariance
of energy with respect to vertical relabelling transformations, expressed by (34). Notice that
the form of the equations of motion depends critically on the prognostic variables being
u, S, €, v;, V3. Incorporating planetary velocity into the prognostic velocity variables and
prognosing covariant components is especially important. (33-34) is not quasi-Hamiltonian
since vertical transport due to 7 is left unspecified, but it serves as a common ancestor to
quasi-Hamiltonian formulations in Lagrangian, isentropic, mass-based and z-based coordi-
nates. In Lagrangian, isentropic and mass-based vertical coordinates, a complete or partial
separation between the horizontal and vertical dynamics is achieved.

The horizontal-vertical separation is especially helpful for hydrostatic systems character-
ized by vanishing vertical momentum oL /0&3 = 0. Indeed for such systems the formulation
(33-34) gracefully reduces to (47-50) while it breaks down for the standard Eulerian formu-
lation (17-19). Vertical momentum balance reduces to the simple statement dH /6% = 0 :

energy is stationary with respect to adiabatic vertical displacements of fluid parcels. From
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this point of view the purpose of hydrostatic balance is to determine the vertical position of
fluid parcels, for which no evolution equation is available. The physically appealing formu-
lation dH/0¢® = 0 is, as far as we know, new. Indeed in Roulstone and Brice (1995), the
Hamiltonian formulation of vertical balance is not addressed. On the other hand in Holm
and Long (1989) such a formulation is not needed. Indeed due to the Boussinesq approxi-
mation the vertical position of fluid parcels is deduced from the pseudo-density field only.
Taking into account this kinematic constraint directly into the energy is sufficient to obtain
the correct horizontal dynamics. Using the formulation §H /662 = 0 of hydrostatic balance,
Richardson’s equation for vertical transport in Eulerian coordinates has been shown to take
the form (52), interpreted as the combination of a hydrostatic adjustment and a vertical
relabelling.

Finally we have exemplified the above general results with the fully compressible Euler
equations in a Lagrangian vertical coordinate and a Cartesian (z,z) slice geometry, and
the deep-atmosphere quasi-hydrostatic equations in a mass-based vertical coordinate and
longitude-latitude horizontal coordinates. The latter case especially illuminates, in our opin-
ion, how the apparent intricacy of the time-dependent metric terms and of the additional
forces can be absorbed into a proper choice of prognostic variables (i.e. absolute angular

momentum)

b. Stability

Identifying the Hamiltonian formulation of an adiabatic system opens the possibility to
study flow stability by energy methods. For this it is useful to identify the Casimir invariants,
i.e. the integral quantities that are conserved by (38-42) and (47-50) for any expression of

H (Morrison 1998). It is easy to check that Ertel’s potential vorticity

1
q=—e"mos (O vm — Omy)
u
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where e¥™ is the totally antisymmetric unit tensor, is conserved for any H. (Tort and Dubos
2013b). Since Dg/Dt = 0 and Ds/Dt = 0 one finds Df(s,q)/Dt = 0 where f(s, ¢q) is an

arbitrary function, leading to the Casimir invariants of the form :

¢ = [ uf (s g dg'agtan,

Notice that this includes total mass as the special case f(s, ¢) = 1 but not total axial absolute
angular momentum since its conservation depends on the energy being zonally-symmetric.
Furthermore C does not depend on &3.

Because Casimir invariants satisfy {F,C} = 0 for any F, one can replace (assuming f has
the unit of specific energy) H by H' = H + C in the equations of motion, without changing
them (Morrison 1998). This also applies to hydrostatic systems since 6C/§¢* = 0. Flows for
which the functional derivatives of H’ vanish are therefore necessarily steady-states, and their
stability can be studied by examining the convexity of H' (Arnold 1965; Holm et al. 1985;
Holm and Long 1989). Hence our results open the possibility to apply the energy-Casimir

stability theory to compressible hydrostatic systems.

c. Approximate models

Generally speaking, a statement or equation which does not depend on the specific forces
applied to a mechanical system is of kinematic nature, while those who depend on the forces
are of dynamical nature. Therefore our main results summarized above achieve a complete
separation between the flow kinematics, expressed by the general forms (38-42) and (47-50),
and the flow dynamics, expressed entirely by energy. This opens a route to deriving approx-
imate models, which was a central focus of Tort and Dubos (2014). Tort and Dubos (2014)
follow the Hamilton’s principle asymptotics approach, whereby approximations are made in
the Lagrangian, and the resulting approximate equations follow Holm et al. (2002, 2009).
Similarly, it is possible to approximate energy to obtain approximate equations of motion

possessing conservation laws for mass, entropy, energy and, subject to zonal invariance of
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the energy, angular momentum. For instance letting » = a in the quasi-hydrostatic deep-
atmosphere energy yields immediately the hydrostatic primitive equations. This alternative
route has the appeal that energy is a physically meaningful quantity, while the Lagrangian is
not. Notice that both routes are equivalent, since the Lagrangian corresponding to a given

energy can always be recovered by inverting the Legendre transform (11).

d. FEnergy-conserving numerical schemes

It has been advocated for some time now that energy-conserving numerical schemes
should be obtained by discretizing the Poisson bracket and the energy themselves, rather than
the curl-form equations (Salmon 1983, 2004). This strategy has been implemented recently to
design a global non-hydrostatic dynamical core solving the fully compressible Euler equations
in Eulerian coordinates (Gassmann 2013). Our work opens the possibility to do the same in
general vertical coordinates by ensuring that the form (33), the skew-symmetric character of
the operator J and, if necessary, the relabelling property (34) hold at the discrete level. For
hydrostatic systems one would have to enforce (46) and hydrostasy (50), which is simplest
if €3 or equivalently geopotential is an independant field, e.g. in a Lagrangian, isentropic
or mass-based vertical coordinate. Most numerical models solving the hydrostatic primitive
equations use such a coordinate for convenience, because the calculation of all tendencies
is greatly simplified and the necessity to solve Richardson’s equation is circumvented. Our
results suggest that there is a deeper reason to the suitability of Lagrangian or mass-based
coordinates for hydrostatic numerical modeling.

Furthermore the separation between kinematics and dynamics can help designing models
solving different sets of equations, by distinguishing those parts of the model that really
depend on the equations considered from those parts that are actually kinematic and can be
shared among different sets of equations. Finally, comparing (38-42) and (47-50) suggests
that a non-hydrostatic solver can cohabit with a hydrostatic solver in a single model and

reuse the hydrostatic code to an even greater extent than previously thought (Laprise 1992).
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APPENDIX A

Upper boundary condition

In order to impose a pressure py,, instead of altitude at the domain top, it is sufficient to

add to energy the work of that pressure force :

H =M + Dtop / V(gla Sfop)d€i>

where §f’op(§i) = &3(&,n = 1) is the vertical position of the domain top and [ V(& §t30p)d§i
the volume of the atmosphere, i.e. the specific volume is a = %8\//053 = i@,V(fi,fg)
(for example, for a deep atmosphere with a flat bottom positioned at r = a using spherical
coordinates, V(X, ¢,7) = cos ¢ (r® — a®)/3 ). Indeed variations of internal energy contribute

a boundary term which vanishes when &}, is prescribed (as assumed in the main text) :

1 .S : oV :
ov ;
— ——po&S dE".
1 8531) gtop €

Therefore the top boundary condition p = pt,, becomes simply 0H'/ (55?010 = 0, where the

functional derivative 6#H'/d&},, is defined by :

OH' : OH' ,
5%’:/{ 6+...]dzd +/ DL 5es de,
5[1; 1% 5 n =1 56?017 gtp 5
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the other functional derivatives of H' being identical to those of H. Replacing H by H’ in
(33) leaves the equations of motion unchanged, while the boundary condition é#H'/ 55?01, =0

ensures that dH'/dt = 0. H’ is sometimes referrred to as total enthalpy.

APPENDIX B

Vertical relabelling symmetry

The vertically-Lagrangian description of the flow is redundant. Indeed one can decide
arbitrarily the initial altitudes £3(¢%,m,t = 0), so that a given flow admits several repre-
sentations in a vertically-Lagrangian coordinate. This redundancy translates into a sym-
metry of energy, and more generally any observable quantity, which cannot depend on the
arbitrary positions £3(£%,n,t). To see this consider two descriptions (v;, &3, Vs, p,.S) and
(v}, &3, Vi, i/, S"), assume that the difference between them is infinitesimal, and define dn

from the vertical displacement by

GBm)y=&m+om) = -&=09,80m. (B1)

If (v;, &3, Vs, 1, S) and (v}, &3, V3, i, S’) are to describe the same flow, then (v}, V3, i/, S") must

be related to (v;, V3, 1, S) and the vertical displacement, or, equivalently d7. For extensive

&3 o n+6m no
/ pdg =/ udnz/ wdn,
§ 0 0

3
0

quantities u, S, V3 :

so that :

po—p = 0y(uon), (B2)
S -8 = 9,(S6m), (B3)
Vi=Vs = 0,(Vadn). (B4)
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23 Requiring 0;(n + dn) = 0.(n), yields the rule for v; :
Uz,' —V; = 8,71),-577 + 71381677. (B5)

o2« Hence H [v;, &3, V3, 1, S] = H [v], &3, V4, 1/, S"] whenever (v], &3, Vi, u', S ) —(v;, &€, V3, p, S) =
625 V- 0m for some infinitesimal 07, where V has been defined by (33). Integrating by parts with
e26 the boundary conditions 0n = 0 for n = 0,1 yields the relationship (43) between the func-
627 tional derivatives of H, i.e. V*-0H = 0.

628 (43) expresses the invariance of energy with respect to vertical displacements of the
620 surfaces n = cst, provided the other prognostic variables are adjusted accordingly so that
630 the underlying flow remains the same. It is therefore an instance of the relabelling symmetry,

631 used here only in the vertical direction.

- APPENDIX C

= Mass budget in a mass-based hybrid coordinate

634 To define a mass-based vertical coordinate n € [0, 1], the column-integrated mass M (&', t)

635 1S introduced :

M) = [ = [ g ()

ottom ottom
e3s  Given the pseudo-density field ji(£%,&3), the position &3(£%,n) is defined uniquely by the

637 condition that :
, &3(n) o
AmM(E) + B = [ je’ (©2)

e3s where £3(&,n = 0,t) = £3(&") is the orography and the profiles A(n) and B(n) are prescribed
s0 with A(0) =0, A(1) =1, B(0) = B(1) = 0. Conversely (C2) defines the pseudo-density

u=AM-~+ B (C3)
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where A’ = dA/dn, B’ = dB/dn. Notice that the profiles A(n), B(n) must be chosen such
that p remains always > 0.

(C3) expresses the fundamental difference between Lagrangian and mass-based hybrid
coordinates : with the former p is a prognostic variable while with the latter p is slaved to
M through (C3). Therefore energy should not be considered a functional of [y, S, vy, &3, V5]
but of [M,S,v;, 3, V3]. In order to make it clear whether energy is considered a functional

of [Ma S> Vs, 537‘/3] or [:LL?S? Uiaégu‘/éh we let :

Hl |:M7 Sa Vs, 53,‘/3] = H [A,M+ B/757 Ui 537‘/})} : (04)

From definition (C4) one obtains that the functional derivatives of H' and H with respect
to v, &3, V3, S are identical. Especially the horizontal mass flux is still given by dH /dv;. The

mass budget then reads (recall that u® = Da®/Dt = 1) :

!/

oH

From (C5) one deduces the prognostic equation for M

OM Lo
W*ai(/o 5%.)@“7—0’

then a diagnostic equation from which the vertical mass flux un is obtained in the form

un = L - (6H/ov;) where L is an integro-differential operator :

1 I
—A'9; (/ (mdn) +0; <ﬂ> +0,W =0
0 51)@' (5vi

. OH LoH n OH’
) = Eévi = A(n)o; (/0 5o dn) —/0 o) <6vi ) dn. (C6)

Therefore both horizontal and vertical mass fluxes are expressed linearly in terms of func-

tional derivatives of energy. Notice that this holds for hydrostatic systems as well, at contrast

with what happens in a Eulerian vertical coordinate.
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APPENDIX D

Brackets

In this appendix we derive explicitly the brackets such that :

dF
T ={F, H}

where F is a functional of the same prognostic fields as H. We show the antisymmetry

property {F,H} = — {H,F} but not the Jacobi identity (4).

a. Lagrangian vertical coordinate

For non-hydrostatic systems the prognostic variables are yu, S, v*, €3, V3 . Using (28-32)
and integrating by parts (boundary terms vanish due to boundary conditions satisfied by

the mass flux dH /dv?) :

i = Lo e o (5) o (s)) o

_/ OF (01 OF o ((FHN [ OF 5H _OF 51T g
o st 58 \Toui ) T o35V, oV ae8
= {F HYly +{F H oy + {F oy + {F. My (D1)

5H , OF _OF ) 0H) i
{f %}lag - /[ﬁa’bm 51}18 (S,u:|d§

(F MY, = /s[afi‘s_ﬂ oF (m] détds

08 svt  ovt
Ow; OH OF

X 0jv; — 0; i
{F7H}lag - /jTEdeg d77

y SF 61 _OF 1]
e = /{T%T@_éﬁw] de'dn

Clearly, all the above brackets are antisymmetric and dH /d¢ = 0.
For hydrostatic systems only p, S, v® are truly diagnostic and £® is diagnosed using
hydrostatic balance (50). Using (47-49) :

dF

S X 5 7
5 = = {F, H} oy HHF H} g T {F H}poy + / 563 °9,e8d¢edn (D2)
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Notice that (D2) deviates from the standard quasi-Hamiltonian formulation (3). This is a
due to &3 being diagnostic instead of prognostic so that an expression for 9,£% is lacking.
However due to the formulation (50) of hydrostasy, (D2) still guarantees the conservation of

energy.

b. Mass-based vertical coordinate

In a mass-based vertical coordinate, non-hydrostatic systems have prognostic variables

M, S, v', &3, Vs. Using (38-42) :

top /
oo [ ay = 0 (D3)
bottom 61}2'
/
0pS + 0; <s?: ) +0,(Sn) = 0, (D4)
. aﬂ)l' — &-vj (SHI 57‘[ . (57‘[/
) .. == = D

Owv; + (Opv; — Ovg) N + P 50, + 0; <5M + nvg) + s0; (55) 0, (D5)

) OH’
ova+0, (Vi) + S5 = 0. (DB)

OH’
D& + 0o, &* — = 0. (D7)

oV3

e7s  Now for any functional F’
OF' OF  OF | 4
/ {S@n 55 Va"(s_%_ 553&75
oF’ oF’ iq oF . . ;
— (0yv; — Ojv3) — 50, + v30; 5%] d¢'dn = /5&7 (nu) d&'dn
= —/6—]: 85H + A'0,M | d€¢'dn
o 51}1
5 / !
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677 hence

dF’ AT AETARS 1 gl
o = A P H gy + P H
a . [OF 5
+/5Mathg —/ o aa—dgd
5F 5F oF , 5F 5F
/ |:Sa,7 55 ‘/338775—% — 553 8,75 — (8,7111' — &vg) (SU + 1138 (SU df d?]
= {‘7:7 H}Z],g + {‘7:/’ Hl}lsag + {‘7:/7 Hl};;g + {‘7:/7 Hl}l‘;g N (D8)

ers  Apparently the brackets (D8) and (D1) are identical. However they differ by the meaning
e of the bracket {F,H}, . Indeed in the case of a Lagrangian coordinate, {F,H};,, is an
es0 expression involving functional derivatives with respect to p and v; only while in the mass-
es1  based case, {F, H}lag is actually an integro-differential expression involving all functional

es2 derivatives of ', H'.

o3 APPENDIX E

« Richardson’s equation

685 In this Appendix the problem yielding vertical transport when hydrostatic systems are
ess expressed in a z-based coordinate is obtained and shown to be self-adjoint. First using

es7 hydrostatic balance (51) we note that :

) oH ) OH . oH

Oy () ané_ + 0y (S1) anﬁ — Oy (nanvi) oo
Onvi OH OH ) OH . Ogvi\ OH

= 0y (p)) ( T ang) + 0y (psn) Oy 5o = Oy (WT) 5o,

OH Opvi \ OH | .
— [owsr — o (22) 5 (k1)

sss  In order to time-differentiate (51) we need to define the second functional derivatives. For
eso general functionals, they are distributions rather than regular functions. However because

eo0 7 is defined as the integral of an energy density depending only on the local values of the
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prognostic fields and 9,&?, its second functional derivatives can be defined as differential

operators satisfying :

OH 6?H 3
8t5—X = Z m&gY, X =p1,0,v;,¢ (E2)
Y:/,L,@,Ui,ﬁs
. . L 6*H 6*H
Notice that the order of differentiation matters and that operators d

sxoy MY sysx M

mutually adjoint. In fact the only derivatives that appear in the Hamiltonian are 9,£°,
and they appear through internal energy only. Therefore 6*H/ ((553)2 is a second-order
self-adjoint differential operator and §°H /60O5E3 and §2H /6£35O are mutually adjoint first-
order differential operators. For an ideal perfect gas and © = 6u as a prognostic variable,
62H /6 has no contribution from internal energy so that §?H /dud€3 derives from kinetic and
potential energies only, and is scalar. However for a general equation of state §?H /dud&> and
62H /6636 are mutually adjoint first-order differential operators as well. All other second
functional derivatives are scalar. As an example table 1 summarizes §*H/§XJY for the
deep-atmosphere quasi-hydrostatic equations.

Then, time-differentiating (51) using the equations of motion (47-49) and (E1), we obtain

v [ 0*H 5?H ?H
— 10, 5#2 SudS  dudv; Iy (p1)
65—7{—8 Oyvi\ OH - | H PH  PH _ A
55\ ) oo | M —50, 050p 052 50U, Oy (Sil) | =TS
(0,0:) GH  H  °H 10,0,
| dviop dv;0S  dvov; |

(E3)
where r.h.s. collects all contributions that do not depend on 7 and the bottom and top
boundary conditions are 77 = 0. Richardson’s equation (E3) is a self-adjoint linear problem
for 7. Since the second functional derivatives involved in (E3) are scalars, (E3,E5) is a
second-order ODE which can be solved for each atmospheric column separately, an important
property from a parallel computing point of view.

(E3) has been written with functional derivatives with respect to the prognostic variables

i only. A more concise form can be obtained if one allows derivatives with respect to &3 to
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be taken. Indeed the relabelling symmetry implies :

&*H &*H &*H

51
5+ Sevon,

0= T5668 +

68 5E305 o+ 5€305 0v; (E4)

for variations of the form
op = 0, (uom), 65 =20,(57), dv; = Opv; Om, 66% = 9,8% om.

Now time-differentiating hydrostatic balance dH /§&3 = 0 yields :

&*H &*H &*H
5535”87] (l“?) + 55355877 (577) + 5535’01'877% n r..s
Hence, (E4) with on = 8,&%n yields :
6*H .
W (87753 77) =r.h.s. (E5)

(E3) and (E5) are equivalent formulations of the same problem.
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1 Second functional derivatives 6°H /d XY of the deep-atmosphere quasi-hydrostatic
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TABLE 1. Second functional derivatives 6?°H/6X0Y of the deep-atmosphere quasi-
1 u — Qr? cos? ¢ 2+1<g>2’ - COS¢877T3
2 7 COS @ 3

hydrostatic Hamiltonian (69). K(u,v,r) = 5
,
is specific volume, 007(«,0)/00 = —adn(a,0)/0a because m depends on «/6 only. Hence
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