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Abstract6

The curl-form of equations of inviscid atmospheric motion in general non-Eulerian coordi-7

nates is obtained. Narrowing down to a general vertical coordinate, a quasi-Hamiltonian8

form is then obtained in a Lagrangian, isentropic, mass-based or z-based vertical coordinate.9

In non-Lagrangian vertical coordinates, the conservation of energy by the vertical trans-10

port terms results from the invariance of energy under vertical relabelling of fluid parcels.11

A complete or partial separation between the horizontal and vertical dynamics is achieved,12

except in the Eulerian case. The horizontal-vertical separation is especially helpful for (quasi-13

)hydrostatic systems characterized by vanishing vertical momentum. Indeed for such systems14

vertical momentum balance reduces to a simple statement : total energy is stationary with15

respect to adiabatic vertical displacements of fluid parcels. From this point of view the16
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purpose of (quasi-)hydrostatic balance is to determine the vertical position of fluid parcels,17

for which no evolution equation is readily available. This physically appealing formulation18

significantly extends previous work.19

The general formalism is exemplified for the fully compressible Euler equations in a La-20

grangian vertical coordinate and a Cartesian (x, z) slice geometry, and the deep-atmosphere21

quasi-hydrostatic equations in longitude-latitude horizontal coordinates. The latter case es-22

pecially illuminates how the apparent intricacy of the time-dependent metric terms and of23

the additional forces can be absorbed into a proper choice of prognostic variables. In both24

cases it is shown how the quasi-Hamiltonian form leads straightforwardly to the conservation25

of energy using only integration by parts.26

Relation with previous work and implications for stability analysis and the derivation of27

approximate sets of equations and energy-conserving numerical schemes are discussed.28

1. Introduction29

Ideal fluid motion obeys many conservation laws (mass, energy, linear/angular momen-30

tum, potential vorticity). Certain forms of the equations of motion expose explicitly these31

conservation properties. Such forms are a good starting point to devise numerical methods32

that inherit from the continuous equations as many of their conservation properties as possi-33

ble. For example the flux-form of the equations is the basis of finite volume methods which34

inherently conserve mass, energy and momentum.35

Besides the well-known flux-form of the equations, another form exposing conservation36

laws of energy and (potential) vorticity is the curl form, also known as the vector-invariant37

form. The curl form of the equations is the standard starting point to yield numerical meth-38

ods conserving energy, potential vorticity and/or preserving geostrophic balance (Arakawa39

1966; Sadourny et al. 1968; Sadourny 1975; Arakawa and Lamb 1981; Ringler et al. 2010;40

Gassmann 2013). The existence of the curl form results from Hamilton’s principle of least41
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action with a Lagrangian satisfying the fluid parcel relabelling symmetry (Padhye and Mor-42

rison 1996). However it can also be obtained from the usual forms using standard vector43

calculus, as we shall do here.44

For ideal fluid flow, the curl form of the equations of motion is intimately related to their45

Hamiltonian formulation (Holm et al. 2002, 2009). Instead of focusing on evolution equa-46

tions for the degrees of freedom (DOFs) of a physical system, the Hamiltonian formulation47

focuses on the evolution of any quantity that can be expressed in terms of the DOFs. In48

addition to re-expressing the equations of motion, this approach is particularly suited to49

the determination of those quantities that do not evolve, i.e. the integral invariants such as50

mass, energy, and angular momentum.51

52

In geophysical fluid dynamics as well as in numerical models of the atmosphere and53

oceans it is customary to use as an independent vertical coordinate various time-dependent,54

monotonic functions of the vertical position : pressure, density/potential temperature or55

combinations thereof (Starr 1945; Kasahara 1974; Laprise 1992). This can be advantageous56

to cope with bottom orography/topography, to allow for a free-surface upper boundary con-57

dition or to reduce the exchange of mass between quasi-horizontal layers and the associated58

numerical diffusion (Bleck et al. 2009). How to re-write the advective form and the flux-form59

of the equations in such a coordinate system is well-known (Kasahara 1974; Laprise 1992;60

Staniforth and Wood 2003). If the vertical coordinate is time-independent, i.e. z−based,61

standard expressions of the curl and grad operators in curvilinear coordinates can be used to62

re-write the curl form as well. However in the general situation where the vertical coordinate63

is time-dependent, such a systematic treatment of the curl form is lacking. Moreover, given64

the close relationship between the curl form and the Hamiltonian formulation, it seems im-65

portant to investigate how they transform when expressed in a general vertical coordinate,66

which is the main goal of this work.67

Because the conservation of energy is built into the Hamiltonian formulation of the laws of68
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ideal fluid motion, it has been advocated for some time now that energy-conserving numerical69

schemes should be obtained by discretizing the Poisson bracket and the energy themselves,70

rather than the curl-form equations (Salmon 1983, 2004; Gassmann 2013). Furthermore,71

since conservation laws impose constraints on the admissible flow motions, formalisms that72

embody the conservation laws are useful also for purely theoretical purposes. An example73

is the derivation of stability criteria by the energy-Casimir method (Arnold 1965). This74

provides the two main motivations of our stated goal.75

76

The simplest possible Hamiltonian system is77

dq
dt

=
∂H

∂p
,

dp
dt

= −∂H
∂q

⇔ d
dt

 q

p

 =

 0 1

−1 0


 ∂H/∂q

∂H/∂p

 . (1)

When (1) holds, p and q form a pair of canonical conjugate variables. The energy H(p, q) is78

typically of the form H = p2/2m + mV (q) where m is the mass of a parcel, q its position,79

p = mdq/dt its linear momentum and V (q) a potential.80

More generally, for an abstract dynamical system whose degrees of freedom are subsumed81

in a state vector q, a Hamiltonian formulation is obtained if the equations of motion, assumed82

here to be already known, are cast in a form where all tendencies are linear functions of the83

derivatives of energy H(q) with respect to q :84

dq
dt

= J · ∂H
∂q

(2)

where the matrix J(q) is antisymmetric and can depend on the current state q. From the85

form (2) the evolution equation for an arbitrary quantity F (q) is obtained as :86

dF
dt

= {F,H} , {F,H} =

(
∂F

∂q

)∗
· J ·

(
∂H

∂q

)
= −{H,F} (3)

where ()∗ means the transpose. For fluid flow q ∈ Q where Q is an infinite-dimensional87

space, typically a product of spaces of smooth scalar or vector functions over some physical88

or computational domain with appropriate boundary conditions. ∂E/∂q is then a functional89
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derivative belonging toQ∗, the dual ofQ, and J is an antisymmetric bilinear form onQ∗×Q∗.90

However in practice ∂E/∂q can be represented concretely as an element of Q and J as a91

skew-symmetric differential operator J : Q → Q.92

Conversely, (2) follows from (3) by considering all linear functionals F . Therefore, (2) and93

(3) are two equivalent representations of the Hamiltonian formulation. The antisymmetry94

of J is equivalent to the antisymmetry of the bracket {F,H} = −{H,F}, from which the95

conservation of energy dH/dt = {H,H} = 0 follows. In fact, (3) with an antisymmetric96

bracket is insufficient to define a Hamiltonian system. An additional property is required,97

the Jacobi identity :98

{F, {G, H}}+ {H, {F, G}}+ {G, {H, F}} = 0, (4)

for all functionals F, G, H on Q. Antisymmetric brackets satisfying the Jacobi identity (4)99

are called Poisson brackets (Morrison 1998). However as long as one is chiefly interested in100

the conservation of energy, the most important property is the antisymmetry (3). Here no101

attempt will be made to prove Jacobi identities, and we will describe the systems we obtain102

as quasi-Hamiltonian. As a consequence the Poisson bracket itself becomes less important.103

Indeed if the equations of motion can be cast in the form (2), and it is known that energy104

is conserved, then an underlying antisymmetric bracket must exist. This is the - admittedly105

restrictive - approach that will be pursued here : starting from known equations of motion,106

conserving a known energy E(q), the main goal will be to cast the equations of motion in107

the form (2). For this it will be sufficient to obtain explicit expressions for the functional108

derivatives ∂E/∂q, and to express the known time derivatives of the DOFs (i.e. the prog-109

nostic fields) in terms of ∂E/∂q.110

111

The main text is organized as follows. In section 2 the well-established relationship112

between the curl-form and the quasi-Hamiltonian formulation in Eulerian coordinates is ex-113

plained in more detail, introducing notation and concepts useful for the sequel. Our starting114

point is the curl-form equations of atmospheric motion in general curvilinear coordinates as115
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formulated in Tort and Dubos (2014). This formulation is concise and at the same time116

captures many approximate sets of equations of motion, hydrostatic or not, assuming or117

not a spherical geopotential, in a Cartesian, shallow-atmosphere or deep-atmosphere geom-118

etry, and also allows sound-proof approximations and arbitrary equations of state. From119

this starting point the curl-form and Hamiltonian formulation of the equations of motion120

in a time-dependent general vertical coordinate are obtained in Section 3. The main task121

there, as in Eulerian coordinates, is to relate the various terms appearing in the equations122

of motion to functional derivatives of energy. The general result of section 3 is applied in123

section 4 to specific vertical coordinates, i.e. isentropic, mass-based and z−based. Section 5124

deals with hydrostatic systems. By ’hydrostatic’ we conflate strictly hydrostatic systems (i.e.125

the shallow-atmosphere primitive equations) and quasi-hydrostatic systems where additional126

forces, typically the non-traditional Coriolis force and possibly centrifugal acceleration, con-127

tribute to vertical momentum balance (White and Bromley 1995; White and Wood 2012;128

Tort and Dubos 2013a). It is shown in section 5 that hydrostatic balance has a simple and129

physically appealing quasi-Hamiltonian formulation : energy is stationary with respect to130

adiabatic vertical displacements of fluid parcels. In section 6 examples applying the previous131

formalism to specific equations are provided : fully compressible Euler equations in a La-132

grangian vertical coordinate and a Cartesian (x, z) slice geometry, and the deep-atmosphere133

quasi-hydrostatic equations (White and Bromley 1995) in longitude-latitude horizontal co-134

ordinates. Section 7 summarizes the results and discusses potential applications.135

2. Curl form and Hamiltonian formulation in Eulerian co-136

ordinates137

The Eulerian coordinates we consider are general curvilinear coordinates
(
ξk
)
, k = 1, 2, 3.138

We assume that the geopotential Φ is a predefined function of the third coordinate, that is139

ξ3 = cst is an equi-geopotential surface (Tort and Dubos 2014). Derivatives with respect to140
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Eulerian coordinates are noted ∂̂t = ∂̂/∂̂t and ∂̂k = ∂̂/∂̂ξk. The notations ∂/∂t, ∂k will be141

used later for derivatives with respect to non-Eulerian coordinates. Einstein’s convention of142

summation over repeated indices is used.143

a. Kinematics144

Independently from the equations of motion under consideration, the transport equations145

take the form :146

∂̂s

∂̂t
+ ûl∂̂ls = 0,

∂̂µ̂

∂̂t
+ ∂̂l

(
µ̂ûl
)

= 0, (5)

∂̂ (µ̂s)

∂̂t
+ ∂̂l

(
µ̂sûl

)
= 0. (6)

where s is specific entropy, µ̂ is pseudo-density, ûl = Dξl/Dt are the contravariant compo-147

nents of velocity with D/Dt the Lagrangian (material) derivative. Eulerian variables that148

change under a change of coordinates, are noted with a hat, e.g. µ̂ and û. Coordinate-149

invariant quantities like s and t are left without a hat. In spherical deep-atmosphere ge-150

ometry with (ξ1, ξ2, ξ3) = (λ, φ, r) one has (û1, û2, û3) =
(
λ̇, φ̇, ṙ

)
where the dot stands for151

the Lagrangian derivative, and µ̂ = r2 cosφ/α with α the specific volume. The Lagrangian152

derivative considered as an operator acting on a space-time field is153

D

Dt
=

∂̂

∂̂t
+ ûl∂̂l. (7)

For simplicity we will assume rigid boundaries in the main text. A free-surface upper154

boundary condition with an imposed pressure is considered in Appendix A.155

b. Dynamics156

The dynamical equations, i.e. the momentum budget, are generated by a Lagrangian157

density L̂(ξk, ûk, µ̂, s) which is specific to each approximate system. Sound-proof approxi-158
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mations are obtained by introducing a Lagrange multiplier λ as an additional argument of159

the Lagrangian density L̂(ξk, ûk, µ̂, s, λ) (see Tort and Dubos 2014). Once the Lagrangian is160

specified (see section 6 for examples), the equations of motion take one of the three equivalent161

forms162

Dv̂k
Dt
− ∂L̂

∂ξk
− 1

µ̂
∂̂k

(
µ̂2∂L̂

∂µ̂

)
= 0, (8)

∂̂v̂k

∂̂t
+ ûl

(
∂̂lv̂k − ∂̂kv̂l

)
+ ∂̂kB̂ + s∂̂kT = 0, (9)

∂̂

∂̂t
(µ̂v̂k) + ∂̂l

(
µ̂v̂kû

l
)
− ∂̂k

(
µ̂2∂L̂

∂µ̂

)
= µ̂

∂L̂

∂ξk
, (10)

where163

v̂l =
∂L̂

∂ûl
,

B̂ = v̂lû
l + s

∂L̂

∂s
− ∂L̂

∂µ̂
µ̂− L̂,

T = ∂L̂/∂s,

Notice that the Eulerian frame is not necessarily inertial. Therefore ûl are the contravari-164

ant components of velocity relative to the considered Eulerian frame while the conjugate165

momenta v̂l are the covariant components of absolute velocity relative to some Galilean ref-166

erence frame. In spherical coordinates they are related to absolute angular momentum (see167

subsection 6b). Hydrostatic systems are distinguished by the fact that v̂3 = ∂L̂/∂û3 = 0. In168

the case of sound-proof systems, one has in addition the constraint ∂L̂/∂λ = 0. Depending169

on the specific sound-proof equation under consideration, λ is to be interpreted either as the170

full pressure, or as a non-hydrostatic pressure that comes in addition to a reference pressure.171

The energy conserved by (9) is172

H =

∫
µ̂
(
ûkv̂k − L̂

)
dξ. (11)

This expression is the standard expression for the energy conserved by the equations of mo-173

tion resulting from Hamilton’s principle of least action with a time-independent Lagrangian.174
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c. Functional derivatives of energy175

(5,6,9) suggests µ̂, v̂k and mass weighted entropy Ŝ = µ̂s as a suitable set of DOFs.176

Energy becomes a functional H
[
v̂k, µ̂, Ŝ

]
of those fields whose functional derivatives are177

defined by :178

δH =

∫ (
δH
δv̂k

δv̂k +
δH
δµ̂

δµ̂+
δH
δŜ

δŜ

)
d3ξ, (12)

where δH is defined for fixed δv̂k, δµ̂, δŜ as179

δH = lim
ε→0

H
[
v̂k + εδv̂k, µ̂+ εδµ̂, Ŝ + εδŜ

]
−H

[
v̂k, µ̂, Ŝ

]
ε

. (13)

(13) defines δH as a linear form over the space of DOFs, δq =
(
δv̂k, δµ̂, δŜ

)
∈ Q, i.e.180

δH ∈ Q∗. (12) represents the linear form δH in concrete terms through the functional181

derivatives
(
δH
δv̂k

,
δH
δµ̂

,
δH
δŜ

)
∈ Q.182

From (12) one obtains dH/dt :183

dH
dt

=

∫ (
δH
δv̂k

∂̂tv̂k +
δH
δµ̂

∂̂tµ̂+
δH
δŜ

∂̂tŜ

)
d3ξ (14)

In fact (14) can be used as an alternative definition of the functional derivatives, valid184

independently from the equations of motion. Hence in practice, computing the functional185

derivatives of energy or an arbitrary integral quantity involves exactly the same algebraic186

manipulations as computing its time derivative : differentiating under the integral and, as187

much as necessary, integrating by parts.188

In our case time-differentiating (11) yields189

dH
dt

=

∫ [
µ̂ûk∂̂tv̂k +

(
ûkv̂k − L̂− µ̂

∂L̂

∂µ̂

)
∂̂tµ̂− µ̂

∂L̂

∂s
∂̂ts

]
d3ξ

=

∫ [
µ̂ûk∂̂tv̂k +

(
ûkv̂k + s

∂L̂

∂s
− L̂− µ̂∂L̂

∂µ̂

)
∂̂tµ̂−

∂L̂

∂s
∂̂tŜ

]
d3ξ. (15)

Comparing (14) and (15) yields the functional derivatives :190

δH
δv̂l

= µ̂ûk,
δH
δµ̂

= B̂,
δH
δŜ

= T. (16)
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Notice that for hydrostatic systems, the above calculations hold for k = 1, 2 only because191

v̂3 = ∂l/∂û3 = 0 cannot be a prognostic variable. Furthermore vertical mass flux µ̂û3 cannot192

be expressed as a functional derivative of energy.193

d. Hamiltonian formulation194

With (16), the equations of motion and the kinematics can be recast under the desired195

form, where all tendencies depend linearly on the functional derivatives of energy :196

∂̂µ̂

∂̂t
+ δl

δH
δv̂l

= 0, (17)

∂̂Ŝ

∂̂t
+ δl

(
s
δH
δv̂l

)
= 0, (18)

∂̂v̂k

∂̂t
+
∂̂lv̂k − ∂̂kv̂l

µ̂

δH
δv̂l

+ ∂̂k
δH
δµ̂

+ s∂̂k
δH
δŜ

= 0. (19)

Now consider the evolution of another integral quantity F
[
v̂k, µ̂, Ŝ

]
:197

dF
dt

=

∫ (
δF
δv̂k

∂̂tv̂k +
δF
δµ̂

∂̂tµ̂+
δF
δŜ

∂̂tŜ

)
d3ξ, (20)

and inject (17-19) into (20). The result is an integral expression, the bracket {F ,H}, which198

depends bilinearly on the functional derivatives of F and H. Since {F ,H} must vanish199

whenever F = H, the bracket must be antisymmetric. It is usually easy to show directly the200

antisymmetry, possibly after some integration by parts. It is well-known that the bracket201

resulting from (17-19) is antisymmetric and satisfies the Jacobi identity (Morrison 1998).202

Hydrostatic systems can not be cast in the form (17-19) because µ̂û3 cannot be expressed203

as a functional derivative of energy. Therefore a different approach is necessary to obtain a204

(quasi-)Hamiltonian formulation for hydrostatic systems. As will appear in section 5, and205

already known for specific equation sets, one possible approach is to use a non-Eulerian206

vertical coordinate (Holm and Long 1989; Roulstone and Brice 1995).207
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3. Curl form and quasi-Hamiltonian formulation in non-208

Eulerian vertical coordinates209

As stated in the Introduction, we shall only verify that the equations of motion can be210

written in (linear) terms of the functional derivatives of energy with respect to the prognostic211

variables. The resulting antisymmetric brackets are given explicitly in Appendix D, but no212

attempt is made to prove that they satisfy the Jacobi identity (4), therefore qualifying as213

Poisson brackets.214

a. Curl form in non-Eulerian coordinates215

Kinematics216

We now wish to transform the curl-form equations (9) to similar equations using inde-217

pendent coordinates ak such that the Eulerian coordinates ξk depend on ak and time :218

ξk(ak, t), ∂k = ∂/∂ak.

We make no further assumption at this point regarding ak. They are therefore arbitrary219

Eulerian-Lagrangian coordinates, including the cases of purely Lagrangian coordinates (La-220

grangian labels) and purely Eulerian coordinates (time-independent ξk(ak)).221

Let un be the contravariant components of the flow in the new, non-Eulerian coordinate222

system. i.e223

D/Dt = ∂/∂t+ um∂m. (21)

Therefore um and ûl are related by224

ûl =
Dξl

Dt
= ∂tξ

l + ∂mξ
l um. (22)

In the case of a time-independent change of coordinates ∂tξm = 0, (22) reduces to the225

transformation rule for contravariant components. For a time-dependent change of coordi-226
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nates the motion ∂tξm must be taken into account in ûn. Corresponding to the Lagrangian227

derivative (21), the mass budget in the new coordinate system takes the form :228

∂µ

∂t
+ ∂l

(
µul
)

= 0 where µ = Jµ̂, J = det
[
∂lξ

k
]
.

Dynamics229

Let vl = ∂lξ
kv̂k be the covariant components of absolute velocity in the new coordinate230

system. Using again the chain rule :231

∂tvl = ∂lξ
k
(
∂̂tv̂k + ∂̂mv̂k∂tξ

m
)

+ ∂ltξ
kv̂k

= ∂lξ
k
(
∂̂tv̂k +

(
∂̂mv̂k − ∂̂kv̂m

)
∂tξ

m
)

+ ∂lξ
kδkv̂m∂tξ

m + ∂ltξ
mv̂m

= ∂lξ
k
(
∂̂tv̂k +

(
∂̂mv̂k − ∂̂kv̂m

) (
ûl − ∂mξl um

))
+ ∂l (v̂m∂tξ

m)

= ∂lξ
k
(
∂̂tv̂k +

(
∂̂mv̂k − ∂̂kv̂m

)
ûl
)
− (∂mvk − ∂kvm)um + ∂l (v̂m∂tξ

m)

Using (9), one obtains the generalized curl-form :232

∂tvl + (∂nvl − ∂lvn)un + ∂l

(
B̂ − v̂m∂tξm

)
+ s∂lT = 0. (23)

Notice that for a time-independent change of coordinates, (23) reduces (as expected) to233

(9) with the covariant and contravariant components corresponding to the new coordinate234

system. For a time-dependent change of coordinates, the curl-form (23) takes into account235

∂tξ
m.236

Having written the equations of motion in curl form in the new, time-dependent coordi-237

nates, we now turn to the second step, which is to relate the terms appearing in (23) to the238

energy. For this a set of prognostic variables must be defined first.239

b. Prognostic variables in general vertical coordinates240

We now need to distinguish the vertical direction k = 3 from the horizontal directions241

k = 1, 2. For this it is implied that the indices i, j span the values 1, 2 while indices k, l,m242
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span values 1, 2, 3 as before. The coordinate a3 is noted η as usual with hybrid vertical243

coordinates (Kasahara 1974; Laprise 1992; Staniforth and Wood 2003). The time-dependent244

change of coordinates to a general vertical coordinate is less general than the one considered245

in section 3 : ξi = ai, ui = ûi and only ξ3 depends on (ξi, η, t). The pseudo-density, covariant246

components of absolute velocity and vertical contravariant component of relative velocity,247

mass-weighted entropy and vertical momentum are248

µ = µ̂∂ηξ
3, vi = v̂i + v̂3∂iξ

3, u3 = η̇, S = µs, V3 = µv̂3. (24)

The set of prognostic variables typically depends on the vertical coordinate chosen. For249

instance while geopotential Φ or equivalently the third coordinate ξ3 is a prognostic variable250

if the vertical coordinate is Lagrangian or mass-based, it is not if the vertical coordinate251

is Eulerian. Pseudo-density µ is a prognostic variable with Eulerian or Lagrangian vertical252

coordinates, but only column-integrated density is a prognostic variable with a mass-based253

vertical coordinate. Entropy is not a prognostic variable if the vertical coordinate is isen-254

tropic. In order to cover the Lagrangian, isentropic, mass-based and z−based coordinates,255

we consider the set of variables (µ, S, ξ3, vi, V3). Other choices are possible but this one256

leads to simple expressions.257

We start with a Lagrangian vertical coordinate. From there, a general formulation valid258

for an arbitrary vertical coordinate is obtained by taking into account vertical transport. In259

the next section isentropic, mass-based and z−based vertical coordinates can then be handled260

as special cases, corresponding each to the removal of one prognostic variable among µ, S and261

ξ3, eliminating the redundancy present in a Lagrangian vertical coordinate (see Appendix262

B).263
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c. Lagrangian vertical coordinate264

Energy265

A Lagrangian vertical coordinate is defined by the property u3 = η̇ = 0. Therefore266

û3 = ∂tξ
3 + ui∂iξ

3 and the Lagrangian is expressed as :267

L(ξk, ui, ξ3
t , ξ

3
k, µ, s) = L̂

(
ξk, ui, ξ3

t + uiξ3
i , µ/ξ

3
η , s
)

where ξ3
t , ξ

3
i , ξ

3
η mean ∂tξ3, ∂iξ

3, ∂ηξ
3.268

Using (24) energy is expressed in terms of the prognostic variables (µ, S, ξ3, vi, V3) as :269

H
[
vi, ξ

3, V3, µ, S
]

=

∫
µ
(
ûkv̂k − L̂

)
dξ1dξ2dη

=

∫ (
µuivi + V3ξ

3
t − µL

)
dξ1dξ2dη. (25)

Functional derivatives are obtained by time-differentiating (25) :270

dH
dt

=

∫ (
µui∂tvi −

∂L

∂s
∂ts+

(
uivi − L− µ

∂L

∂µ

)
∂tµ

+ξ3
t ∂tV3 − µ

∂L

∂ξ3
∂tξ

3 − µv3u
i∂tξ

3
i − µ

∂L

∂ξ3
3

∂tξ
3
3

)
dξ1dξ2dη

=

∫ (
µui∂tvi −

∂L

∂s
∂tS +B∂tµ

+ξ3
t ∂tV3 +

(
∂i
(
V3u

i
)
− ∂η

(
µ̂2∂L̂

∂µ̂

)
− µ ∂L

∂ξ3

)
∂tξ

3

)
dξ1dξ2dη, (26)

where we have used/defined271

µ
∂L

∂ξ3
3

= −µ̂2∂L̂

∂µ̂
,

B = B̂ − v3ξ
3
t = uivi − L− µ

∂L

∂µ
+ s

∂L

∂s
.

Dynamics272

We shall use as prognostic equations for vi the curl-form (23). Additionally, V3 is prog-273

nosed using the flux-form (10) rewritten in the new coordinate system as :274

∂tV3 + ∂i
(
V3u

i
)
− ∂η

(
µ̂2∂L̂

∂µ̂

)
= µ

∂L̂

∂ξ3
. (27)

14



Identifying the terms appearing in (23,27) with the functional derivatives explicited by (26)275

yields the formulation :276

∂tµ+ ∂i

(
δH
δvi

)
= 0 (28)

∂tS + ∂i

(
s
δH
δvi

)
= 0 (29)

∂tvi +
∂jvi − ∂ivj

µ

δH
δvj

+ ∂i

(
δH
δµ

)
+ s∂i

(
δH
δS

)
= 0 (30)

∂tV3 +
δH
δξ3

= 0 (31)

∂tξ
3 − δH

δV3

= 0 (32)

Equivalently, (28-32) have the form (2), i.e. :277

∂t



µ

S

v1

v2

ξ3

V3


+ J ·



δH
δµ
δH
δS
δH
δv1
δH
δv2
δH
δξ3

δH
δV3


= 0

where J is the skew-symmetric 6× 6 matrix of differential operators :278

J =



∂1 ∂2

∂1 (s·) ∂2 (s·)

∂1 s∂1
∂2v1 − ∂1v2

µ

∂2 s∂2
∂1v2 − ∂2v1

µ

−1

1


.

279
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(28-32) presents a remarkable structure. First, the evolution equations for µ, S, vi involve280

only functional derivatives with respect to µ, S, vi, while the evolution equations for V3, ξ
3

281

involve only functional derivatives with respect to V3, ξ
3. The horizontal dynamics and the282

vertical dynamics are therefore well separated, and coupled only through energy. Further-283

more the evolution equations for µ, S, vi are identical to the Eulerian equations (17-19),284

except that they are two-dimensional instead of three-dimensional. This two-dimensional285

structure presents strong analogies with that of layered models, like the Saint-Venant, Ripa286

or Green-Naghdi equations. Finally the equations for V3, ξ
3 are those of a pair of canonical287

conjugate variables, i.e. (1).288

d. General vertical coordinate289

We now consider the case of a non-Lagrangian vertical coordinate, i.e. η̇ 6= 0. It must be290

noted that fields (µ, S, ξ3, vi, V3) do not depend on the vertical coordinate being Lagrangian291

or otherwise. By this we mean that if one considers the Lagrangian vertical coordinate292

that coincides at a given instant t with the non-Lagrangian coordinate under consideration,293

i.e. with the same ξ3(ξi, η), then the flow is described by the same (µ, s, vi, V3) in both294

coordinates. As a consequence it is sufficient to add to (28-32) the terms proportional to295

η̇ expressing transport across surfaces η = cst, as well as the correction of the Bernoulli296

function included in (23). The resulting equations of motion are :297

∂tµ+ ∂η (µη̇) + ∂i
δH
δvi

= 0,

∂tS + ∂i

(
s
δH
δvi

)
+ ∂η (Sη̇) = 0,

∂tvi + (∂ηvi − ∂iv3) η̇ +
∂jvi − ∂ivj

µ

δH
δvj

+ ∂i

(
δH
δµ

+ η̇v3

)
+ s∂i

(
δH
δS

)
= 0,

∂tξ
3 + η̇∂ηξ

3 − δH
δV3

= 0.

∂tV3 + ∂η (V3η̇) +
δH
δξ3

= 0,
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i.e. :298

∂t



µ

S

vi

ξ3

V3


+ V · η̇ + J ·



δH
δµ
δH
δS
δH
δvj
δH
δξ3

δH
δV3


= 0 where V : η̇ 7→



∂η (η̇µ)

∂η (η̇S)

η̇∂ηvi + v3∂iη̇

η̇∂ηξ
3

∂η (η̇V3)


. (33)

It is shown in Appendix B that variations of the form V · δη correspond to an infinites-299

imal vertical relabelling which does not change the flow, only its description in terms of300

(µ, S, ξ3, vi, V3). Due to invariance of total energy to such a vertical relabelling :301

V∗ ·



δH
δµ
δH
δS
δH
δvj
δH
δξ3

δH
δV3


= 0, (34)

where V∗ is the adjoint of V :302

V∗ : (B, T, U i, α, β) 7→ −µ∂ηB − S∂ηT + U i∂ηvi − v3∂iU
i + α∂ηξ

3 − V3∂ηβ.

Using the skew-symmetric character of J and the above property, one finds that the form303

(33-34) of the equations of motion implies straightforwardly the conservation of energy.304

(33) is not fully in quasi-Hamiltonian form since the vertical transport terms are not ex-305

pressed in terms of functional derivatives of H. Such an expression requires the specification306

of the vertical coordinate being used. In the next section we specialize (33-34) for isentropic,307

mass-based and z-based coordinates.308
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4. Specific vertical coordinates309

a. Isentropic vertical coordinate310

An isentropic vertical coordinate is a special case of a Lagrangian vertical coordinate,311

where furthermore entropy is a prescribed function s(η) of the vertical coordinate. As a result312

S is slaved to µ and ceases to be prognostic. Letting H′ [µ, vi, ξ3, V3] = H [µ, µs, vi, ξ
3, V3] :313

δH′

δµ
=
δH
δµ

+ s
δH
δS

,

with the other functional derivatives identical. (33-34) then simplify to :314

∂t



µ

v1

v2

ξ3

V3


+ Js ·



δH′

δµ
δH′

δv1
δH′

δv2
δH′

δξ3

δH′

δV3


= 0, Js =



∂1 ∂2

∂1
∂2v1 − ∂1v2

µ

∂2
∂1v2 − ∂2v1

µ

−1

1


.

b. Mass-based vertical coordinate315

A mass-based vertical coordinate η ∈ [0, 1] is characterized (see Appendix C) by the fact316

that the pseudo-density µ is related to the column-integrated mass M(ξi, t) by :317

M(ξi, t) =

∫ 1

0

µdη (35)

µ = A′M +B′ (36)

where the profiles A(η) and B(η) are prescribed with A(0) = 0, A(1) = 1, B(0) = B(1) = 0318

and A′ = dA/dη, B′ = dB/dη. (36) expresses the fundamental difference between La-319

grangian and mass-based hybrid coordinates : with the former µ is a prognostic variable320
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while with the latter µ is slaved to M through (36). Therefore energy H′ possesses a func-321

tional derivative with respect to M , not µ :322

H′
[
vi, ξ

3, V3,M, S
]

= H
[
vi, ξ

3, V3, A
′M +B′, S

]
. (37)

From definition (37) derivatives of H and H′ with respect to prognostic variables other than323

µ, M are identical. With this in mind, we rewrite equations (33) as well as the kinematic324

equations in the mass-based coordinate :325

∂tM + ∂i

∫ 1

0

δH′

δvi
dη = 0, (38)

∂tS + ∂i

(
s
δH′

δvi

)
+ ∂η (Sη̇) = 0, (39)

∂tvi + (∂ηvi − ∂iv3) η̇ +
∂jvi − ∂ivj

µ

δH′

δvj
+ ∂i

(
δH
δµ

+ η̇v3

)
+ s∂i

(
δH′

δS

)
= 0, (40)

∂tV3 + ∂η (V3η̇) +
δH′

δξ3
= 0, (41)

∂tξ
3 + η̇∂ηξ

3 − δH′

δV3

= 0. (42)

In (38-42) it is not obvious that all tendencies are linear combinations of derivatives of energy.326

The problematic terms are η̇ and the Bernoulli function δH/δµ. In fact it is shown in Ap-327

pendix C using the local mass budget that µη̇ is obtained linearly from δH′/δvi. Furthermore328

δH/δµ is the unique solution of the linear problem :329

µ∂η
δH
δµ

= (∂ηvi)
δH′

δvi
− ∂i

(
v3
δH′

δvi

)
+
(
∂ηξ

3
) δH′
δξ3
− V3∂η

δH′

δV3

− S∂η
δH
δS

(43)∫ 1

0

A′
δH
δµ

dη =
δH′

δM
. (44)

(43) is just (34) and (44) is obtained by varying M in definition (37). Hence both η̇ and330

the Bernoulli function are also expressed linearly as a function of the derivatives of H′ and331

(38-42) is of the desired form where all tendencies are linear in the derivatives of energy.332

(38-42) is the quasi-Hamiltonian formulation of the equations of motion in a mass-based333

vertical coordinate. Horizontal and vertical dynamics are still well separated, although not334
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as well as in the Lagrangian and isentropic cases due to the horizontal-vertical coupling335

through vertical transport terms proportional to η̇ and also through (43-44).336

c. z-based vertical coordinate337

In a z−based coordinate, ξ3(xi, η) is prescribed and ceases to be prognostic. The con-338

dition ∂tξ
3 = 0 determines the value taken by η̇. All terms in the remaining prognostic339

equations are then fully defined. Strictly speaking, total energy becomes a functional of340

(µ, S, vi, V3) only so that it has no functional derivative with respect to ξ3. The relabelling-341

invariance property then provides a definition of the missing derivative. Performing the342

substitutions :343

η̇ =
(
∂ηξ

3
)−1 δH

δV3

,

δH
δξ3

=
(
∂ηξ

3
)−1
(
µ∂η

δH
δµ

+ S∂η
δH
δS
− δH
δvi

∂ηvi + v3∂i
δH
δvi

+ V3∂η
δH
δV3

)
one obtains the quasi-Hamiltonian form :344

∂t



µ

S

v1

v2

V3


+ Jz ·



δH
δµ
δH
δS
δH
δv1
δH
δv2
δH
δV3


= 0,

Jz =



∂1 ∂2 ∂η (µ̂·)

∂1 (s·) ∂2 (s·) ∂η (µ̂s·)

∂1 s∂1
∂2v1 − ∂1v2

µ

∂ηv1

∂ηξ3
+ ∂1

(
v3

∂ηξ3
·
)

∂2 s∂2
∂1v2 − ∂2v1

µ

∂ηv2

∂ηξ3
+ ∂2

(
v3

∂ηξ3
·
)

µ̂∂η µ̂s∂η
−∂ηv1 + v3∂1

∂ηξ3

−∂ηv2 + v3∂2

∂ηξ3

V3∂η
∂ηξ3

+ ∂η

(
V3

∂ηξ3
·
)


. (45)
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Notice that this formulation is not fundamentally different from the standard Eulerian one345

(17-19) since it can be derived from it by a time-independent change of coordinates and346

prognostic variables. Nevertheless (17-19) gives an equal treatment to the three momentum347

components vk while (45) treats differently horizontal components vi (not mass-weighted)348

and vertical component V3 (mass-weighted).349

5. Hydrostatic systems350

Sections 3 and 4 deal with systems for which vertical momentum V3 is prognostic, i.e.351

non-hydrostatic systems. In this section we examine the simplifications that arise with352

hydrostatic systems, which are distinguished by the fact that ∂L̂/∂u3 = 0, hence V3 = 0.353

a. General vertical coordinate354

The vertical relabelling invariance property simplifies to :355

µ∂η
δH
δµ

+ S∂η
δH
δS
− (∂ηvi)

δH
δvi
−
(
∂ηξ

3
) δH
δξ3

= 0. (46)

Repeating the calculations of subsection 3b without V3, one finds that the functional deriva-356

tives of energy are unchanged. Furthermore the vertical momentum balance (27) remains357

valid with V3 = 0. Hence :358

∂tµ+ ∂i

(
δH
δvi

)
+ ∂η (µη̇) = 0 (47)

∂tS + ∂i

(
s
δH
δvi

)
+ ∂η (Sη̇) = 0 (48)

∂tvi + η̇∂ηvi +
∂jvi − ∂ivj

µ

δH
δvj

+ ∂i

(
δH
δµ

)
+ s∂i

(
δH
δS

)
= 0 (49)

δH
δξ3

= 0. (50)

Again, (46-50) imply the conservation of energy for anyH. Comparing (47-50) to (28-32), one359

sees that only the horizontal part of the dynamics remains, while the vertical dynamics have360
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reduced to hydrostatic balance, expressed concisely in terms of energy as (50). This form is361

valid for all known hydrostatic systems, since all derive from the Lagrangian considered by362

Tort and Dubos (2014).363

b. Lagrangian vertical coordinate364

Hydrostatic balance is often considered as a problem from which one deduces pressure.365

However, because a prognostic equatiion for ξ3 is missing from (47-50), it is rather an equa-366

tion for the vertical position ξ3 of air parcels. This is consistent with the fact that geopoten-367

tial Φ(ξ3) is a diagnostic quantity for hydrostatic systems formulated in a general vertical368

coordinate. (50) shows that the hydrostatically-balanced state makes energy stationary with369

respect to vertical displacements, for given µ, S, vi. The temporal evolution of a hydrostatic370

system from time t to t′ = t+ dt can therefore be conceptually split into two steps :371

• An evolution step where the independent DOFs vi, µ, S are evolved from time t to t′372

according to (47-49) with η̇ = 0. The resulting state (vi(t
′), µ(t′), S(t′), ξ3(t)) is in373

general not hydrostatically balanced because ξ3 has not evolved.374

• An instantaneous hydrostatic adjustment step during which the fluid parcels are dis-375

placed vertically in order to restore hydrostatic balance (50).376

Since the adjustment step leaves µ, S unchanged, it is adiabatic : air parcels conserve their377

mass and entropy. Furthermore since vi is the same before and after adjustment, absolute378

vorticity ∂jvi−∂ivj, hence also potential vorticity, is conserved as well during the adjustment379

step. Total absolute angular momentum is also conserved since it is a function of vi and µ380

(Tort and Dubos 2014).381

For finite dt, energy changes during adjustment by :382

δH =

∫ (
δH
δξ3

(
ξ3(t)− ξ3(t′)

))
dξ1dξ2dη +O

(
ξ3(t)− ξ3(t′)

)2
.
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But energy changes only by an amount O (ξ3(t)− ξ3(t′))
2

= O(dt2) precisely because the383

adjusted state satisfies the stationarity condition (50) . Hence the adjustment step does384

conserve energy in the limit dt→ 0.385

c. Mass-based vertical coordinate386

When a mass-based vertical coordinate is used, the vertical mass flux can be expressed387

in terms of derivatives of energy in the same way as for non-hydrostatic systems. Indeed388

this expression results only from the kinematic part of the equations of motion, and remains389

the same for hydrostatic or non-hydrostatic systems. Therefore the mass-based vertical390

coordinate possesses the same advantages as the Lagrangian/isentropic vertical coordinate391

to formulate hydrostatic systems. As in section 3, (46) provides a definition of δH/δµ in392

terms of the other derivatives of energy, and allows the cancellation of the terms due to393

vertical transport in the energy budget. This point is exemplified in subsection 6b.394

d. z-based vertical coordinate395

Section 2 ended with the conclusion that in Eulerian coordinates the vertical mass flux396

could not be expressed as a functional derivative of energy for hydrostatic systems, which397

suggested the use of a non-Eulerian vertical coordinate to obtain a quasi-Hamiltonian formu-398

lation of such systems. We are now in a position re-examine this conclusion. Starting from399

where we stood at the end of section 2, the pending issues are the expression of hydrostatic400

balance in terms of energy and the determination of vertical transport.401

Regarding hydrostatic balance, it can now be expressed as δH/δξ3 = 0. One may also402

wish to formulate it in terms of derivatives of H with respect to the prognostic fields µ, S, vi.403

The relabelling invariance (46) provides the desired formulation :404

µ∂η
δH
δµ

+ S∂η
δH
δS
− (∂ηvi)

δH
δvi

= 0. (51)

When ξ3 = η, (51) reduces to (19) with k = 3 and v̂3 = 0.405
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Regarding the determination of η̇, a linear equation for it can be obtained by time-406

differentiating (51) and substituting time derivatives using (47-49). It is shown in Appendix407

E that the resulting equation is :408

δ2H
(δξ3)2

(
∂ηξ

3 η̇
)

= r.h.s. (52)

where δ2H/ (δξ3)
2 is a self-adjoint vertical differential operator. For the shallow-atmosphere409

primitive equations, (52) is known as Richardson’s equation Richardson (1922); Kasahara410

(1974). For quasi-hydrostatic systems a more complicated equation is obtained (White et al.411

2005).412

(52) emphasizes the relation between Richardson’s equation and the hydrostatic adjust-413

ment process discussed in subsection 4b. Indeed let us again conceptually split the horizontal414

dynamics from the vertical dynamics while going from time t to t′. We now have a three-step415

process :416

• an evolution step evolving vi, µ, S from time t to t′ = t+ δt according to (47-49) with417

η̇ = 0, as in 5b.418

• a hydrostatic adjustment step that corrects ξ3 to restore hydrostatic balance, as in 5b.419

The correction ζ = ξ3(t′)− ξ3(t) satisfies at leading order in δt :420

δ2H
(δξ3)2 ζ = −δH

δξ3

(
vi(t

′), µ(t′), S(t′), ξ3(t)
)

(53)

which can be interpreted as one Newton-Raphson iteration to solve δH/δξ3 = 0.421

• at the end of the adjustment step ξ3 has changed. The invariance of the flow with422

respect to variations of the form423

δµ = −∂η (µδη) , δS = −∂η (Sδη) , δvi = −∂ηvi δη, δξ3 = −∂ηξ3 δη. (54)

can be exploited to bring ξ3(ξi, η, t′) back to the prescribed value ξ3(ξi, η). Adding the424

above variations does not change the flow (see Appendix B) and cancels the update425
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(53) of ξ3 if δη is chosen appropriately, i.e. δη = ζ/∂ηξ
3. It is the role of the verti-426

cal transport terms to implement this vertical relabelling (remapping) step. Indeed427

defining η̇ by ζ = δt ∂ηξ
3 η̇ is equivalent to solving Richardson’s equation (52).428

Therefore a physical interpretation can be given to Richardson’s equation (52) : it results429

from the combination a hydrostatic adjustment step, needed to restore hydrostatic balance,430

and a vertical relabelling step, needed to maintain a Eulerian vertical coordinate.431

6. Examples432

In this section the general framework derived in sections 3 to 5 is exemplified with two433

concrete cases. Assuming an ideal perfect gas, we use potential temperature θ and Θ = µθ434

instead of entropy. The following thermodynamic identities will be useful :435

p = − ∂e
∂α

, π =
∂e

∂θ
,

∂p

∂θ
= −∂π

∂α
, e+ αp− θπ = 0, θ

∂p

∂θ
+ α

∂p

∂α
= 0. (55)

where p is pressure and π is Exner’s function. In the first example the non-rotating fully-436

compressible Euler equations are formulated in a Cartesian (x, z) slice using a Lagrangian437

vertical coordinate. In the second example the three-dimensional deep-atmosphere hydro-438

static equations are formulated in longitude-latitude horizontal coordinates and a mass-based439

vertical coordinate. In both cases explicit expressions for the derivatives of energy are given,440

and it is shown how the vector-invariant forms (28-32), (46-50) lead straightforwardly to the441

conservation of energy.442

a. Fully-compressible Euler equations in a Cartesian vertical slice443

The domain under consideration here is a vertical slice (x, z) with a bottom z = zb(x).444

The Eulerian pseudo-density is the true density µ̂ = 1/α. Independent variables are x = ξ1
445

and η. ξ3 = z(x, η, t) is a dependent, prognostic variable. The Lagrangian pseudo-density is446
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µ = ∂ηz/α. The Lagrangian is :447

L̂(z, µ̂, θ, ẋ, ż) =
ẋ2 + ż2

2
− e

(
1

µ̂
, θ

)
− gz. (56)

Conjugate momenta are simply ∂L̂/∂ẋ = ẋ and ∂L̂/∂ż = ż. Clearly (8) with definition (56)448

yields the fully compressible Euler equations.449

We consider a Lagrangian vertical coordinate η̇ = 0. The prognostic variables are µ,Θ, z,450

vertical momentum V3 = W = µż and the covariant component v1 = u = ẋ + ż∂xz. The451

energy as a function of the prognostic variables is :452

H [µ,Θ, u,W, z] =

∫ 
(
u− W

µ
∂xz

)2

+

(
W

µ

)2

2
+ e

(
∂ηz

µ
,
Θ

µ

)
+ gz

µdxdη (57)

with e(α, θ) internal energy. Time-differentiating under the integral, using (55) and453

u2

2
−
(
1 + (∂xz)2)W 2

2µ2
=

1

2
(ẋ+ ż∂xz)2 − 1

2

(
1 + (∂xz)2) ż2

=
ẋ2 − ż2

2
+ żẋ∂xz =

ẋ2 + ż2

2
− ż∂tz

and integrating by parts one finds454

δH
δµ

=
ẋ2 + ż2

2
+ gz − ż∂tz (58)

δH
δΘ

= π

δH
δu

= µu−W∂xz = µẋ

δH
δW

=
W

µ
− u∂xz = ż − u∂xz

δH
δz

= ∂x (ẋW ) + ∂ηp+ g. (59)
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Hence (28-32), which simplify here to :455

∂tµ+ ∂x
δH
δu

= 0 (60)

∂tΘ + ∂x

(
θ
δH
δu

)
= 0 (61)

∂tu+ ∂x
δH
δµ

+ θ∂x
δH
δΘ

= 0 (62)

∂tz −
δH
δW

= 0. (63)

∂tW +
δH
δz

= 0 (64)

generate indeed the fully compressible Euler equations, formulated here with a Lagrangian456

vertical coordinate. Furthermore the top and bottom no-normal-flux boundary conditions457

are expressed as δH/δW = 0. Using (58-59) one can also check explicitly that (43) holds.458

We shall now derive the energy budget resulting from (60-64). For this we do not need to459

know that H and its derivatives take the specific form (57,58-59). Indeed using only (60-64)460

and no-flux boundary conditions δH/δu = 0 :461

dH
dt

=

∫ (
δH
δµ

∂tµ+
δH
δΘ

∂tΘ +
δH
δu

∂tu+
δH
δW

∂tW +
δH
δz
∂tz

)
dxdη

= −
∫ (

δH
δµ

∂x
δH
δu

+
δH
δΘ

∂x

(
θ
δH
δu

)
+
δH
δu

(
∂x
δH
δµ

+ θ∂x
δH
δΘ

)
+
δH
δW

δH
δz
− δH

δz

δH
δW

)
dxdη

= −
∫
∂x

(
δH
δu

(
δH
δµ

+ θ
δH
δΘ

))
dxdη = 0.

The above is a particular case of dF/dt = {F ,H} with F = H, where the bracket {F ,H}462

is shown in Appendix D to be antisymmetric.463

b. Deep-atmosphere quasi-hydrostatic equations464

Now the domain under consideration is a fluid volume evolving between the surface465

of a spherical planet (with a planetary radius a and rotation rate Ω) and a free surface466

at the top of the atmosphere defined by the pressure p |r=r∞= p∞. We consider stan-467

dard longitude-latitude-radius coordinates (λ, φ, r) = (ξ1, ξ2, ξ3). The elementary volume is468
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r2 cosφdλdφdr = ∂rV dλdφdr with V (φ, r) = (1/3) r3 cosφ, so that the Eulerian pseudo-469

density is µ̂ = r2 cosφ/α with α specific volume. Geopotential is Φ(r) = −ga2/r where g470

is gravity at r = a, so that gravity at r 6= a is ga2/r2. The dynamical equations of motion471

(Wood and Staniforth (2003), eqs 2.3-2.5) rewritten in terms of the contravariant velocity472

components λ̇, φ̇ and η̇ are :473

D

Dt

(
r cosφλ̇

)
− r sinφλ̇φ̇+ ṙ cosφλ̇− 2Ωrφ̇ sinφ+ 2Ωṙ cosφ (65)

+
r

µ

(
∂r

∂η

∂p

∂λ
− ∂p

∂η

∂r

∂λ

)
= 0

D

Dt

(
rφ̇
)

+ r sinφ cosφλ̇2 + ṙφ̇+ 2Ωrλ̇ cosφ sinφ+
r cosφ

µ

(
∂r

∂η

∂p

∂φ
− ∂p

∂η

∂r

∂φ

)
= 0(66)

−r
(

cos2 φλ̇2 + φ̇2
)
− 2Ωr cos2 φλ̇+

a2

r2
g +

r2 cosφ

µ

∂p

∂η
= 0.(67)

One can check that (65-67) are equivalent to (8) with the Lagrangian :474

L̂
(
φ, r, µ̂, θ, λ̇, φ̇

)
=
r2

2

(
φ̇2 + λ̇2 cos2 φ

)
+ Ωλ̇r2 cos2 φ− e

(
r2 cosφ

µ̂
, θ

)
− Φ(r). (68)

Conjugate momenta are the covariant components of absolute velocity v1 = u = r2 cos2 φ
(
λ̇+ Ω

)
,475

v2 = v = r2φ̇ (Roulstone and Brice 1995).476

We consider a mass-based vertical coordinate. Independant variables are λ, φ, η. ξ3 =477

r(λ, φ, η, t) is a dependent, diagnostic variable. The non-Eulerian pseudo-density is µ =478

∂ηrµ̂ = r2 cosφ∂ηr/α. Prognostic variables are M =
∫
µdη, Θ, u, v. Total energy as a479

function of the prognostic variables and r, vertical position of the fluid parcels, is :480

H [µ, Θ, u, v, r] =

∫
µ

(
K(u, v, r) + e

(
r2 cosφ∂ηr

µ
,
Θ

µ

)
+ Φ(r)

)
dλdφdη (69)

+p∞

∫
η=1

V (φ,r)dλdφ,

where K(u, v, r) =
1

2

(
u− Ωr2 cos2 φ

r cosφ

)2

+
1

2

(v
r

)2

. (70)
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Let us express the functional derivatives of H. Time-differentiating (69), using (55),481

∂

∂µ
(µe)

∣∣∣∣
Θ, r=cst

= e+ µ

(
−r

2 cosφ∂ηr

µ2

∂e

∂α
− Θ

µ2

∂e

∂θ

)
= 0,

µ
∂e

∂r

∣∣∣∣
Θ, µ=cst

= −p ∂
∂r

(
r2 cosφ∂ηr

)
,

∂K

∂r
= −2K

r
− 2Ω

u− Ωr2 cos2 φ

r
,

and integrating by parts one finds :482

δH
δr

= µ

[
−2K

r
− 2Ω

u− r2 cos2 φΩ

r
+
a2

r2
g

]
+ r2 cosφ∂ηp (71)

δH
δµ

= K − ga
2

r
, (72)

δH
δΘ

= π, (73)

δH
δu

= µλ̇, (74)

δH
δv

= µφ̇. (75)

Using :483

∂η
δH
δµ

=

[
−2K

r
− 2Ω

u− Ωr2 cos2 φ

r
+
a2

r2
g

]
∂ηr + λ̇∂ηu+ φ̇∂ηv,

µθ∂η
δH
δΘ

= r2 cosφ∂ηr ∂ηp,

one shows explicitly that, in this particular case, (46) holds :484

µ∂η
δH
δµ

+ µθ∂η
δH
δΘ
− ∂ηu

δH
δu
− ∂ηv

δH
δv
− ∂ηr

δH
δr

= 0. (76)

(71) shows that δH/δr = 0 is is indeed equivalent to the quasi-hydrostatic balance (67).485

Assuming a mass-based vertical coordinate, the other dynamical equations, paraphrasing486
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(49), are :487

∂tM + ∂λ

∫ 1

0

δH
δu

dη + ∂φ

∫ 1

0

δH
δv

dη = 0, (77)

∂tΘ + ∂λ

(
θ
δH
δu

)
+ ∂φ

(
θ
δH
δv

)
+ ∂η (Θη̇) = 0, (78)

∂tu+ η̇∂ηu−
∂λv − ∂φu

µ

δH
δv

+ ∂λ
δH
δµ

+ θ∂λ

(
δH
δΘ

)
= 0, (79)

∂tv + η̇∂ηv +
∂λv − ∂φu

µ

δH
δu

+ ∂φ
δH
δµ

+ θ∂φ

(
δH
δΘ

)
= 0. (80)

It is straightforward, but somewhat tedious, to show that (79-80) yield (65-66), as obtained488

by Roulstone and Brice (1995) in an isentropic vertical coordinate. The resulting energy489

budget is :490

dH
dt

=

∫
δH
δM

∂tMdφdλ+

∫ (
δH
δΘ

∂tΘ +
δH
δu

∂tu+
δH
δv
∂tv +

δH
δr
∂tr

)
dλdφdη

=

∫
δH
δM

∂tMdφdλ−
∫ [

δH
δΘ

∂η (Θη̇) +
δH
δu

(
η̇∂ηu+ ∂λ

δH
δµ

)
+
δH
δv

(
η̇∂ηv + ∂φ

δH
δµ

)]
dλdφdη

−
∫ (

θ
δH
δu

∂λ

(
δH
δΘ

)
+
δH
δΘ

∂λ

(
θ
δH
δu

)
+ θ

δH
δv
∂φ

(
δH
δΘ

)
+
δH
δΘ

∂φ

(
θ
δH
δv

))
dλdφdη.

Integrating by parts in λ, φ, then using δH/δr = 0 and the mass budget A′∂tM + ∂λ
δH
δu

+491

∂φ
δH
δv

+ ∂η (µη̇) = 0 leaves :492

dH
dt

=

∫
δH
δM

∂tMdφdλ−
∫
δH
δµ

A′∂tMdλdφdη

−
∫ (

η̇

(
δH
δu

∂ηu+
δH
δv
∂ηv

)
+
δH
δΘ

∂η (Θη̇) +
δH
δµ

∂η (µη̇)

)
dλdφdη

which vanishes due to
δH
δM

=

∫ 1

0

A′
δH
δµ

dη and (76).493

We finally consider a z−based vertical coordinate. To obtain Richardson’s equation we494

introduce ∂̃/∂̃t, the time-derivative computed as if the vertical coordinate were Lagrangian,495

i.e. letting η̇ = 0 in (47-50). Applying ∂̃/∂̃t to hydrostatic balance, using (55),496

∂

∂r

(
−2K

r
− 2Ω

(u
r
−Ωr cos2 φ

)
+
a2

r2
g

)
= 6

K + Ωu

r2
− 2Ω2 cos2 φ− 2a2

r3
g,

∂

∂u

(
−2K

r
− 2Ω

(u
r
−Ωr cos2 φ

)
+
a2

r2
g

)
= −2

λ̇+ Ω

r
,
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and letting ∂̃r/∂̃t = −∂ηr η̇ yields the one-dimensional elliptic equation for ∂ηr η̇ :497 [
µ

(
6
K + Ωu

r2
− 2Ω2 cos2 φ− 2a2

r3
g

)
+ 2r cosφ∂ηp

]
∂ηr η̇

498

+r2 cosφ∂η

(
1

µ

∂p

∂α
∂η
(
r2 cosφ∂ηr η̇

))
= r2 cosφ∂η

(
1

µ

∂p

∂θ

∂̃Θ

∂̃t

)
− 2µ

r

((
λ̇+ Ω

) ∂̃u
∂̃t

+ φ̇
∂̃v

∂̃t

)

+

[
−2K

r
− 2Ω cosφ

u− r2 cos2 φΩ

r cosφ
+
a2

r2
g

]
∂̃µ

∂̃t
. (81)

7. Summary and discussion499

a. Main results500

In this work, we have established the curl-form of general equations of atmospheric motion501

in non-Eulerian general coordinates (23). Narrowing down to a general vertical coordinate,502

the form (33-34) has been obtained. This form is valid for all general vertical coordinates503

and implies automatically the conservation of energy. A key for this result is the invariance504

of energy with respect to vertical relabelling transformations, expressed by (34). Notice that505

the form of the equations of motion depends critically on the prognostic variables being506

µ, S, ξ3, vi, V3. Incorporating planetary velocity into the prognostic velocity variables and507

prognosing covariant components is especially important. (33-34) is not quasi-Hamiltonian508

since vertical transport due to η̇ is left unspecified, but it serves as a common ancestor to509

quasi-Hamiltonian formulations in Lagrangian, isentropic, mass-based and z-based coordi-510

nates. In Lagrangian, isentropic and mass-based vertical coordinates, a complete or partial511

separation between the horizontal and vertical dynamics is achieved.512

The horizontal-vertical separation is especially helpful for hydrostatic systems character-513

ized by vanishing vertical momentum ∂L̂/∂ξ3 = 0. Indeed for such systems the formulation514

(33-34) gracefully reduces to (47-50) while it breaks down for the standard Eulerian formu-515

lation (17-19). Vertical momentum balance reduces to the simple statement δH/δξ3 = 0 :516

energy is stationary with respect to adiabatic vertical displacements of fluid parcels. From517
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this point of view the purpose of hydrostatic balance is to determine the vertical position of518

fluid parcels, for which no evolution equation is available. The physically appealing formu-519

lation δH/δξ3 = 0 is, as far as we know, new. Indeed in Roulstone and Brice (1995), the520

Hamiltonian formulation of vertical balance is not addressed. On the other hand in Holm521

and Long (1989) such a formulation is not needed. Indeed due to the Boussinesq approxi-522

mation the vertical position of fluid parcels is deduced from the pseudo-density field only.523

Taking into account this kinematic constraint directly into the energy is sufficient to obtain524

the correct horizontal dynamics. Using the formulation δH/δξ3 = 0 of hydrostatic balance,525

Richardson’s equation for vertical transport in Eulerian coordinates has been shown to take526

the form (52), interpreted as the combination of a hydrostatic adjustment and a vertical527

relabelling.528

Finally we have exemplified the above general results with the fully compressible Euler529

equations in a Lagrangian vertical coordinate and a Cartesian (x, z) slice geometry, and530

the deep-atmosphere quasi-hydrostatic equations in a mass-based vertical coordinate and531

longitude-latitude horizontal coordinates. The latter case especially illuminates, in our opin-532

ion, how the apparent intricacy of the time-dependent metric terms and of the additional533

forces can be absorbed into a proper choice of prognostic variables (i.e. absolute angular534

momentum)535

b. Stability536

Identifying the Hamiltonian formulation of an adiabatic system opens the possibility to537

study flow stability by energy methods. For this it is useful to identify the Casimir invariants,538

i.e. the integral quantities that are conserved by (38-42) and (47-50) for any expression of539

H (Morrison 1998). It is easy to check that Ertel’s potential vorticity540

q =
1

µ
εklm∂ks (∂lvm − ∂mvl) ,
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where εklm is the totally antisymmetric unit tensor, is conserved for any H. (Tort and Dubos541

2013b). Since Dq/Dt = 0 and Ds/Dt = 0 one finds Df(s, q)/Dt = 0 where f(s, q) is an542

arbitrary function, leading to the Casimir invariants of the form :543

C =

∫
µf (s, q) dξ1dξ2dη.

Notice that this includes total mass as the special case f(s, q) = 1 but not total axial absolute544

angular momentum since its conservation depends on the energy being zonally-symmetric.545

Furthermore C does not depend on ξ3.546

Because Casimir invariants satisfy {F , C} = 0 for any F , one can replace (assuming f has547

the unit of specific energy) H by H′ = H + C in the equations of motion, without changing548

them (Morrison 1998). This also applies to hydrostatic systems since δC/δξ3 = 0. Flows for549

which the functional derivatives ofH′ vanish are therefore necessarily steady-states, and their550

stability can be studied by examining the convexity of H′ (Arnold 1965; Holm et al. 1985;551

Holm and Long 1989). Hence our results open the possibility to apply the energy-Casimir552

stability theory to compressible hydrostatic systems.553

c. Approximate models554

Generally speaking, a statement or equation which does not depend on the specific forces555

applied to a mechanical system is of kinematic nature, while those who depend on the forces556

are of dynamical nature. Therefore our main results summarized above achieve a complete557

separation between the flow kinematics, expressed by the general forms (38-42) and (47-50),558

and the flow dynamics, expressed entirely by energy. This opens a route to deriving approx-559

imate models, which was a central focus of Tort and Dubos (2014). Tort and Dubos (2014)560

follow the Hamilton’s principle asymptotics approach, whereby approximations are made in561

the Lagrangian, and the resulting approximate equations follow Holm et al. (2002, 2009).562

Similarly, it is possible to approximate energy to obtain approximate equations of motion563

possessing conservation laws for mass, entropy, energy and, subject to zonal invariance of564
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the energy, angular momentum. For instance letting r = a in the quasi-hydrostatic deep-565

atmosphere energy yields immediately the hydrostatic primitive equations. This alternative566

route has the appeal that energy is a physically meaningful quantity, while the Lagrangian is567

not. Notice that both routes are equivalent, since the Lagrangian corresponding to a given568

energy can always be recovered by inverting the Legendre transform (11).569

d. Energy-conserving numerical schemes570

It has been advocated for some time now that energy-conserving numerical schemes571

should be obtained by discretizing the Poisson bracket and the energy themselves, rather than572

the curl-form equations (Salmon 1983, 2004). This strategy has been implemented recently to573

design a global non-hydrostatic dynamical core solving the fully compressible Euler equations574

in Eulerian coordinates (Gassmann 2013). Our work opens the possibility to do the same in575

general vertical coordinates by ensuring that the form (33), the skew-symmetric character of576

the operator J and, if necessary, the relabelling property (34) hold at the discrete level. For577

hydrostatic systems one would have to enforce (46) and hydrostasy (50), which is simplest578

if ξ3 or equivalently geopotential is an independant field, e.g. in a Lagrangian, isentropic579

or mass-based vertical coordinate. Most numerical models solving the hydrostatic primitive580

equations use such a coordinate for convenience, because the calculation of all tendencies581

is greatly simplified and the necessity to solve Richardson’s equation is circumvented. Our582

results suggest that there is a deeper reason to the suitability of Lagrangian or mass-based583

coordinates for hydrostatic numerical modeling.584

Furthermore the separation between kinematics and dynamics can help designing models585

solving different sets of equations, by distinguishing those parts of the model that really586

depend on the equations considered from those parts that are actually kinematic and can be587

shared among different sets of equations. Finally, comparing (38-42) and (47-50) suggests588

that a non-hydrostatic solver can cohabit with a hydrostatic solver in a single model and589

reuse the hydrostatic code to an even greater extent than previously thought (Laprise 1992).590

34



Acknowledgements591

We are grateful to three anonymous referees for their careful and constructive remarks.592

Part of this work was completed during a visit of TD to Isaac Newton Institute’s programme593

“Multiscale Numerics for the Atmosphere and Ocean”. MT is supported by a Gaspard Monge594

PhD fellowship (École Polytechnique).595

APPENDIX A596

Upper boundary condition597

In order to impose a pressure ptop instead of altitude at the domain top, it is sufficient to598

add to energy the work of that pressure force :599

H′ = H + ptop

∫
V (ξi, ξ3

top)dξ
i,

where ξ3
top(ξ

i) = ξ3(ξi, η = 1) is the vertical position of the domain top and
∫
V (ξi, ξ3

top)dξi600

the volume of the atmosphere, i.e. the specific volume is α = 1
µ̂
∂V/∂ξ3 = 1

µ
∂ηV (ξi, ξ3)601

(for example, for a deep atmosphere with a flat bottom positioned at r = a using spherical602

coordinates, V (λ, φ, r) = cosφ (r3 − a3)/3 ). Indeed variations of internal energy contribute603

a boundary term which vanishes when ξ3
top is prescribed (as assumed in the main text) :604

δ

∫
U

(
1

µ
∂ηV (ξi, ξ3),

S

µ

)
µdξidη =

∫ [
(U + αp− Ts) δµ+ TδS + ∂ηp

∂V

∂ξ3
δξ3

]
dξidη

−
∫
η=1

∂V

∂ξ3
pδξ3

topdξ
i.

Therefore the top boundary condition p = ptop becomes simply δH′/δξ3
top = 0, where the605

functional derivative δH′/δξ3
top is defined by :606

δH′ =
∫ [

δH′

δµ
δµ+ . . .

]
dξidη +

∫
η=1

δH′

δξ3
top

δξ3
topdξ

i,
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the other functional derivatives of H′ being identical to those of H. Replacing H by H′ in607

(33) leaves the equations of motion unchanged, while the boundary condition δH′/δξ3
top = 0608

ensures that dH′/dt = 0. H′ is sometimes referrred to as total enthalpy.609

APPENDIX B610

Vertical relabelling symmetry611

The vertically-Lagrangian description of the flow is redundant. Indeed one can decide612

arbitrarily the initial altitudes ξ3(ξi, η, t = 0), so that a given flow admits several repre-613

sentations in a vertically-Lagrangian coordinate. This redundancy translates into a sym-614

metry of energy, and more generally any observable quantity, which cannot depend on the615

arbitrary positions ξ3(ξi, η, t). To see this consider two descriptions (vi, ξ
3, V3, µ, S) and616

(v′i, ξ
′3, V ′3 , µ

′, S ′), assume that the difference between them is infinitesimal, and define δη617

from the vertical displacement by618

ξ′3(η) = ξ3 (η + δη) ⇒ ξ
′3 − ξ3 = ∂ηξ

3 δη. (B1)

If (vi, ξ
3, V3, µ, S) and (v′i, ξ

′3, V ′3 , µ
′, S ′) are to describe the same flow, then (v′i, V

′
3 , µ

′, S ′) must619

be related to (vi, V3, µ, S) and the vertical displacement, or, equivalently δη. For extensive620

quantities µ, S, V3 :621 ∫ ξ3

ξ30

µ̂dξ3 =

∫ η+δη

0

µdη =

∫ η

0

µ′dη,

so that :622

µ′ − µ = ∂η (µδη) , (B2)

S ′ − S = ∂η (Sδη) , (B3)

V ′3 − V3 = ∂η (V3δη) . (B4)
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Requiring v̂i(η + δη) = v̂′i(η), yields the rule for vi :623

v′i − vi = ∂ηviδη + v3∂iδη. (B5)

HenceH [vi, ξ
3, V3, µ, S] = H [v′i, ξ

′3, V ′3 , µ
′, S ′] whenever (v′i, ξ

′3, V ′3 , µ
′, S ′)−(vi, ξ

3, V3, µ, S) =624

V · δη for some infinitesimal δη, where V has been defined by (33). Integrating by parts with625

the boundary conditions δη = 0 for η = 0, 1 yields the relationship (43) between the func-626

tional derivatives of H, i.e. V∗ · δH = 0.627

(43) expresses the invariance of energy with respect to vertical displacements of the628

surfaces η = cst, provided the other prognostic variables are adjusted accordingly so that629

the underlying flow remains the same. It is therefore an instance of the relabelling symmetry,630

used here only in the vertical direction.631

APPENDIX C632

Mass budget in a mass-based hybrid coordinate633

To define a mass-based vertical coordinate η ∈ [0, 1], the column-integrated massM(ξi, t)634

is introduced :635

M(ξi, t) =

∫ top

bottom

µdη =

∫ top

bottom

µ̂dξ3. (C1)

Given the pseudo-density field µ̂(ξi, ξ3), the position ξ3(ξi, η) is defined uniquely by the636

condition that :637

A(η)M(ξi) +B(η) =

∫ ξ3(η)

ξ30

µ̂dξ3, (C2)

where ξ3(ξi, η = 0, t) = ξ3
0(ξi) is the orography and the profiles A(η) and B(η) are prescribed638

with A(0) = 0, A(1) = 1, B(0) = B(1) = 0. Conversely (C2) defines the pseudo-density639

µ = A′M +B′ (C3)
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where A′ = dA/dη, B′ = dB/dη. Notice that the profiles A(η), B(η) must be chosen such640

that µ remains always > 0.641

(C3) expresses the fundamental difference between Lagrangian and mass-based hybrid642

coordinates : with the former µ is a prognostic variable while with the latter µ is slaved to643

M through (C3). Therefore energy should not be considered a functional of [µ, S, vi, ξ
3, V3]644

but of [M,S, vi, ξ
3, V3]. In order to make it clear whether energy is considered a functional645

of [M,S, vi, ξ
3, V3] or [µ, S, vi, ξ

3, V3], we let :646

H′
[
M,S, vi, ξ

3, V3

]
= H

[
A′M +B′, S, vi, ξ

3, V3

]
. (C4)

From definition (C4) one obtains that the functional derivatives of H′ and H with respect647

to vi, ξ3, V3, S are identical. Especially the horizontal mass flux is still given by δH/δvi. The648

mass budget then reads (recall that u3 = Da3/Dt = η̇) :649

∂tµ+ ∂i

(
δH′

δvi

)
+ ∂η (µη̇) = 0. (C5)

From (C5) one deduces the prognostic equation for M650

∂M

∂t
+ ∂i

(∫ 1

0

δH
δvi

)
dη = 0,

then a diagnostic equation from which the vertical mass flux µη̇ is obtained in the form651

µη̇ = L · (δH/δvi) where L is an integro-differential operator :652

−A′∂i
(∫ 1

0

δH
δvi

dη
)

+ ∂i

(
δH′

δvi

)
+ ∂ηW = 0

653

µη̇ = LδH
δvi

= A(η)∂i

(∫ 1

0

δH
δvi

dη
)
−
∫ η

0

∂i

(
δH′

δvi

)
dη. (C6)

Therefore both horizontal and vertical mass fluxes are expressed linearly in terms of func-654

tional derivatives of energy. Notice that this holds for hydrostatic systems as well, at contrast655

with what happens in a Eulerian vertical coordinate.656
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APPENDIX D657

Brackets658

In this appendix we derive explicitly the brackets such that :659

dF
dt

= {F ,H}

where F is a functional of the same prognostic fields as H. We show the antisymmetry660

property {F ,H} = −{H,F} but not the Jacobi identity (4).661

a. Lagrangian vertical coordinate662

For non-hydrostatic systems the prognostic variables are µ, S, vi, ξ3, V3 . Using (28-32)663

and integrating by parts (boundary terms vanish due to boundary conditions satisfied by664

the mass flux δH/δvi) :665

dF
dt

= −
∫ [

δF
δvi

(
∂jvi − ∂ivj

µ

δH
δvj

+ ∂i

(
δH
δµ

)
+ s∂i

(
δH
δS

))]
dξidη

−
∫ [

δF
δµ

∂i
δH
δvi

+
δF
δS

∂i

(
s
δH
δvi

)
+
δF
δξ3

δH
δV3

− δF
δV3

δH
δξ3

]
dξidη

= {F ,H}µlag + {F ,H}slag + {F ,H}×lag + {F ,H}Vlag (D1)

{F ,H}µlag =

∫ [
δH
δvi

∂i
δF
δµ
− δF
δvi

∂i
δH
δµ

]
dξidη

{F ,H}slag =

∫
s

[
∂i
δF
δS

δH
δvi
− δF
δvi

∂i
δH
δS

]
dξidη

{F ,H}×lag =

∫
∂jvi − ∂ivj

µ

δH
δvj

δF
δvi

dξidη

{F ,H}Vlag =

∫ [
δF
δV3

δH
δξ3
− δF
δξ3

δH
δV3

]
dξidη

Clearly, all the above brackets are antisymmetric and dH/dt = 0.666

For hydrostatic systems only µ, S, vi are truly diagnostic and ξ3 is diagnosed using667

hydrostatic balance (50). Using (47-49) :668

dF
dt

= {F ,H}µlag + {F ,H}slag + {F ,H}×lag +

∫
δF
δξ3

∂tξ
3dξidη (D2)
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Notice that (D2) deviates from the standard quasi-Hamiltonian formulation (3). This is a669

due to ξ3 being diagnostic instead of prognostic so that an expression for ∂tξ3 is lacking.670

However due to the formulation (50) of hydrostasy, (D2) still guarantees the conservation of671

energy.672

b. Mass-based vertical coordinate673

In a mass-based vertical coordinate, non-hydrostatic systems have prognostic variables674

M, S, vi, ξ3, V3. Using (38-42) :675

∂tM + ∂i

∫ top

bottom

δH′

δvi
dη = 0, (D3)

∂tS + ∂i

(
s
δH′

δvi

)
+ ∂η (Sη̇) = 0, (D4)

∂tvi + (∂ηvi − ∂iv3) η̇ +
∂jvi − ∂ivj

µ

δH′

δvj
+ ∂i

(
δH
δµ

+ η̇v3

)
+ s∂i

(
δH′

δS

)
= 0, (D5)

∂tV3 + ∂η (V3η̇) +
δH′

δξ3
= 0, (D6)

∂tξ
3 + η̇∂ηξ

3 − δH′

δV3

= 0. (D7)

Now for any functional F ′676 ∫
η̇

[
S∂η

δF ′

δS
+ V3∂η

δF ′

δV3

− δF ′

δξ3
∂ηξ

3

− (∂ηvi − ∂iv3)
δF ′

δvi
+ v3∂i

δF ′

δvi

]
dξidη =

∫
δF
δµ

∂η (η̇µ) dξidη

= −
∫
δF
δµ

[
∂i
δH′

δvi
+ A′∂tM

]
dξidη

=

∫
δH′

δvi
∂i
δF
δµ

dξidη −
∫
∂tM

δF ′

δM
dξi

40



hence677

dF ′

dt
= {F ′,H′}slag + {F ′,H′}×lag + {F ′,H′}Vlag

+

∫
δF ′

δM
∂tMdξi −

∫
δF ′

δvi
∂i
δH
δµ

dξidη

+

∫
η̇

[
S∂η

δF ′

δS
+ V3∂η

δF ′

δV3

− δF ′

δξ3
∂ηξ

3 − (∂ηvi − ∂iv3)
δF ′

δvi
+ v3∂i

δF ′

δvi

]
dξidη

= {F ,H}µlag + {F ′,H′}slag + {F ′,H′}×lag + {F ′,H′}Vlag . (D8)

Apparently the brackets (D8) and (D1) are identical. However they differ by the meaning678

of the bracket {F ,H}µlag. Indeed in the case of a Lagrangian coordinate, {F ,H}µlag is an679

expression involving functional derivatives with respect to µ and vi only while in the mass-680

based case, {F ,H}µlag is actually an integro-differential expression involving all functional681

derivatives of F ′,H′.682

APPENDIX E683

Richardson’s equation684

In this Appendix the problem yielding vertical transport when hydrostatic systems are685

expressed in a z-based coordinate is obtained and shown to be self-adjoint. First using686

hydrostatic balance (51) we note that :687

∂η (µη̇) ∂η
δH
δµ

+ ∂η (Sη̇) ∂η
δH
δS
− ∂η (η̇∂ηvi)

δH
δvi

= ∂η (µη̇)

(
∂ηvi
µ

δH
δvi
− s∂η

δH
δS

)
+ ∂η (µsη̇) ∂η

δH
δS
− ∂η

(
η̇µ
∂ηvi
µ

)
δH
δvi

=

[
∂ηs

δH
δS
− ∂η

(
∂ηvi
µ

)
δH
δvi

]
µη̇. (E1)

In order to time-differentiate (51) we need to define the second functional derivatives. For688

general functionals, they are distributions rather than regular functions. However because689

H is defined as the integral of an energy density depending only on the local values of the690
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prognostic fields and ∂ηξ
3, its second functional derivatives can be defined as differential691

operators satisfying :692

∂t
δH
δX

=
∑

Y=µ,Θ,vi,ξ3

δ2H
δXδY

∂tY, X = µ,Θ, vi, ξ
3 (E2)

Notice that the order of differentiation matters and that operators
δ2H
δXδY

and
δ2H
δY δX

are693

mutually adjoint. In fact the only derivatives that appear in the Hamiltonian are ∂ηξ3,694

and they appear through internal energy only. Therefore δ2H/ (δξ3)
2 is a second-order695

self-adjoint differential operator and δ2H/δΘδξ3 and δ2H/δξ3δΘ are mutually adjoint first-696

order differential operators. For an ideal perfect gas and Θ = θµ as a prognostic variable,697

δ2H/δµ has no contribution from internal energy so that δ2H/δµδξ3 derives from kinetic and698

potential energies only, and is scalar. However for a general equation of state δ2H/δµδξ3 and699

δ2H/δξ3δµ are mutually adjoint first-order differential operators as well. All other second700

functional derivatives are scalar. As an example table 1 summarizes δ2H/δXδY for the701

deep-atmosphere quasi-hydrostatic equations.702

Then, time-differentiating (51) using the equations of motion (47-49) and (E1), we obtain703

:704

[
∂ηs

δH
δS
− ∂η

(
∂ηvi
µ

)
δH
δvi

]
µη̇+


−µ∂η

−S∂η

(∂ηvi)


T

·


δ2H
δµ2

δ2H
δµδS

δ2H
δµδvi

δ2H
δSδµ

δ2H
δS2

δ2H
δSδvi

δ2H
δviδµ

δ2H
δviδS

δ2H
δviδvj

 ·

∂η (µη̇)

∂η (Sη̇)

η̇∂ηvj

 = r.h.s.

(E3)

where r.h.s. collects all contributions that do not depend on η̇ and the bottom and top705

boundary conditions are η̇ = 0. Richardson’s equation (E3) is a self-adjoint linear problem706

for η̇. Since the second functional derivatives involved in (E3) are scalars, (E3,E5) is a707

second-order ODE which can be solved for each atmospheric column separately, an important708

property from a parallel computing point of view.709

(E3) has been written with functional derivatives with respect to the prognostic variables710

µ only. A more concise form can be obtained if one allows derivatives with respect to ξ3 to711
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be taken. Indeed the relabelling symmetry implies :712

0 =
δ2H

(δξ3)2 δξ
3 +

δ2H
δξ3δµ

δµ+
δ2H
δξ3δS

δS +
δ2H
δξ3δvi

δvi (E4)

for variations of the form713

δµ = ∂η (µδη) , δS = ∂η (Sη̇) , δvi = ∂ηvi δη, δξ3 = ∂ηξ
3 δη.

Now time-differentiating hydrostatic balance δH/δξ3 = 0 yields :714

δ2H
δξ3δµ

∂η (µη̇) +
δ2H
δξ3δS

∂η (Sη̇) +
δ2H
δξ3δvi

∂ηvi η̇ = r.h.s.

Hence, (E4) with δη = ∂ηξ
3 η̇ yields :715

δ2H
(δξ3)2

(
∂ηξ

3 η̇
)

= r.h.s. (E5)

(E3) and (E5) are equivalent formulations of the same problem.716
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List of Tables784

1 Second functional derivatives δ2H/δXδY of the deep-atmosphere quasi-hydrostatic785

Hamiltonian (69). K(u, v, r) =
1

2

(
u− Ωr2 cos2 φ

r cosφ

)2

+
1

2

(v
r

)2

, α =
cosφ

3µ
∂ηr

3
786

is specific volume, θ∂π(α, θ)/∂θ = −α∂π(α, θ)/∂α because π depends on α/θ787

only. Hence ∂p/∂θ =
p

κπ
∂π/∂θ = −∂π/∂α (using αp = κθπ). 48788
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X = µ X = Θ X = u X = v X = r

δH/δX K − ga2

r
π µλ̇ µφ̇

−2Ωµ cosφ
u− r2 cos2 φΩ

r cosφ

+µ

[
a2

r2
g − 2K

r

]
+r2 cosφ∂ηp

Y = µ λ̇ φ̇
−2K

r
+
a2

r2
g

−2Ω
u− Ωr2 cos2 φ

r

Y = Θ
1

µ

∂π

∂θ
r2 cosφ∂η

(
1

µ

∂p

∂θ
·
)

Y = u λ̇
µ

r2 cos2 φ
− 2µu

r3 cos2 φ

Y = v φ̇
µ

r2
−2µv

r3

Y = r
−2K

r
+
a2

r2
g

−2Ω
u− Ωr2 cos2 φ

r

cosφ

µ

∂π

∂α
∂η (r2·) − 2µu

r3 cos2 φ
−2µv

r3

µ

(
6
K + Ωu

r2
− 2Ω2 cos2 φ

)
−2a2

r3
µg + 2r cosφ∂ηp

+r2 cosφ∂η

(
cosφ

µ

∂p

∂α
∂η (r2·)

)
Table 1. Second functional derivatives δ2H/δXδY of the deep-atmosphere quasi-

hydrostatic Hamiltonian (69). K(u, v, r) =
1

2

(
u− Ωr2 cos2 φ

r cosφ

)2

+
1

2

(v
r

)2

, α =
cosφ

3µ
∂ηr

3

is specific volume, θ∂π(α, θ)/∂θ = −α∂π(α, θ)/∂α because π depends on α/θ only. Hence
∂p/∂θ =

p

κπ
∂π/∂θ = −∂π/∂α (using αp = κθπ).
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