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Linear stability of the Stuart vortices in the presence of an axial flow is studied. 11

The local stability equations derived by Lifschitz & Hameiri (Phys. Fluids A, vol. 3 12

(11), 1991, pp. 2644–2651) are rewritten for a three-component (3C) two-dimensional 13

(2D) base flow represented by a 2D streamfunction and an axial velocity that is a 14

function of the streamfunction. We show that the local perturbations that describe 15

an eigenmode of the flow should have wavevectors that are periodic upon their 16

evolution around helical flow trajectories that are themselves periodic once projected 17

on a plane perpendicular to the axial direction. Integrating the amplitude equations 18

around periodic trajectories for wavevectors that are also periodic, it is found that 19

the elliptic and hyperbolic instabilities, which are present without the axial velocity, 20

disappear beyond a threshold value for the axial velocity strength. Furthermore, a 21

threshold axial velocity strength, above which a new centrifugal instability branch 22

is present, is identified. A heuristic criterion, which reduces to the Leibovich & 23

Stewartson criterion in the limit of an axisymmetric vortex, for centrifugal instability 24

in a non-axisymmetric vortex with an axial flow is then proposed. The new criterion, 25

upon comparison with the numerical solutions of the local stability equations, is 26

shown to describe the onset of centrifugal instability (and the corresponding growth 27

rate) very accurately. 28

Key words: vortex flows, vortex instability 29

1. Introduction 30

Stability analyses of vortical flows provide significant insights into understanding 31

various fluid phenomena (Saffman 1992). For example, the linear instability of 32

two-dimensional (2D) vortices often results in complex three-dimensional (3D) vortex 33

structures, found in abundance in turbulent flows (Saffman 1992; Kerswell 2002). 34

In this paper, we focus our study on 2D vortices with an axial flow, a situation 35
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prevalent in physical settings such as tornadoes, airplane leading-edge and trailing36

vortices, swirling flow in combustion and vortex streets with an axial flow.37

Motivated by vortex breakdown observations (Hall 1972; Leibovich 1978),38

Leibovich & Stewartson (1983) performed an asymptotic normal mode analysis39

to derive a sufficient condition for an inviscid instability of a steady axisymmetric40

vortex with an axial flow. Further experimental studies on swirling jets, which can also41

be thought of as vortices with an axial flow, showed that a double-helix structure42

appears for 0.6 < S < 1, followed by vortex breakdown beyond S ≈ 1.3 (Billant,43

Chomaz & Huerre 1998). Here, S is the swirl parameter that measures the relative44

strength of the swirl velocity with respect to the axial velocity. Gallaire & Chomaz45

(2003) performed a numerical global stability analysis of axisymmetric vortices46

(with circulation decaying to zero far away from the core) with realistic axial and47

azimuthal velocity profiles to identify the mechanisms leading to the appearance of48

the double-helix structures before breakdown. Other experimental ∧evidence (Gallaire,49

Rott & Chomaz 2004; Liang & Maxworthy 2005; Oberleithner et al. 2011), normal50

mode and global stability analyses (Loiseleux, Chomaz & Huerre 1998; Gallaire et al.51

2006; Healey 2008; Oberleithner et al. 2011) have further shown the prevalence of52

absolute instability and vortex breakdown in swirling jets. In a related study, Lacaze,53

Birbaud & Le Dizès (2005) added a small strain to the axisymmetric Rankine vortex54

with an axial flow and performed a normal mode analysis using asymptotic methods55

to demonstrate that the most unstable mode of the elliptic instability is modified by an56

axial flow. Axial flow is also an important factor for the secondary instability of the57

Ekman layer rolls (Dubos, Barthlott & Drobinski 2008). In the current study, instead58

of the normal mode and global analysis, we employ the local stability approach59

(Lifschitz & Hameiri 1991).60

The local stability approach, a theory based on the Wentzel–Kramers–Brillouin–61

Jeffreys (WKBJ) approximation (Bender & Orszag 1999), investigates inviscid, ∧3D,62

short-wavelength instabilities that develop on specific fluid trajectories in various base63

flows (Lifschitz & Hameiri 1991). Though applicable to arbitrary ∧3D base flows,64

the local approach has so far mostly been used for either 2D base flows (Godeferd,65

Cambon & Leblanc 2001) or axisymmetric 3D base flows (Lifschitz, Suters &66

Beale 1996; Hattori & Fukumoto 2003; Hattori & Hijiya 2010), with a focus on67

the growth of specific disturbances on periodic trajectories leading to centrifugal,68

elliptic and hyperbolic instabilities. Recently, Hattori & Fukumoto (2012) performed69

a local stability analysis to study the effects of axial flow on the so-called curvature70

instability of a helical vortex tube for which the angular velocity is constant up to71

the first order of a small parameter; elliptic instability was not considered in this72

study.73

Eckhoff & Storesletten (1978) employed the local approach to investigate the effects74

of an axial flow on an axisymmetric vortex in a compressible flow, and in a follow-up75

paper, Eckhoff (1984) showed that the results from the local approach agreed with the76

asymptotic analysis of Leibovich & Stewartson (1983) in the limit of incompressibility.77

Le Duc & Leblanc (1999) and Leblanc & Le Duc (2005) have further extended the78

study of axisymmetric vortices with an axial flow to establish the connection between79

the local approach and the ∧high-wavenumber asymptotic limits of the normal mode80

approach. The local approach has also provided significant insights into the elliptic81

(Bayly 1986; Bayly, Holm & Lifschitz 1996; Le Dizès & Eloy 1999) and hyperbolic82

(Friedlander & Vishik 1991; Leblanc 1997) instabilities in various ∧2D flows. Hattori83

& Hijiya (2010) studied the effects of an axial flow on the instability of Hill’s vortex,84

an axisymmetric flow with dependence on r and z in cylindrical polar coordinates; the85
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authors find a stabilizing effect for small axial flows, followed by the emergence of 86

a region of centrifugal instability for large axial flows. 87

In the present study, we investigate the stability of Stuart vortices, which 88

model ∧mixing-layer vortices (Stuart 1967). The centrifugal, elliptic and hyperblolic 89

instabilities in the Stuart vortices with and without background rotation were studied 90

using the local stability approach by Godeferd et al. (2001), one of the main results 91

being that anticyclonic rotation destabilizes the vortices. In this paper, expressing 92

the general local stability equations (Lifschitz & Hameiri 1991) for base flows with 93

non-zero velocity components in all three Cartesian directions (x, y, z), but with 94

dependence only on (x, y), the so-called ∧three-component 2D base flows (3C2D), 95

we investigate how an axial flow modifies the ∧3D stability characteristics of Stuart 96

vortices. 97

In § 2, we present details of the theory and implementation of the local stability 98

approach to investigate ∧2D flows with an axial flow. In § 3, we show the results of a 99

systematic study of the effects of an axial flow on the stability of Stuart vortices. We 100

then discuss our results in § 4, and conclude in § 5. 101

2. Theory and methods 102

We consider inviscid, incompressible, steady 3C2D base flows with a velocity field 103

∧(u(x, y), v(x, y), w(x, y)) in a x = (x, y, z) Cartesian coordinate system. The flow 104

being incompressible, the velocity field (u, v) on the xy-plane is represented by a 105

streamfunction ψ(x, y) such that u = −∂ψ/∂y and v = ∂ψ/∂x. For a steady base flow 106

with no dependence on one of the coordinates (z in our scenario), solutions of the 107

Euler equations satisfy w = f (ψ), where f is any function of the streamfunction ψ ; 108

f (ψ) is assumed smooth for compatibility with the viscous case. Hence, we have: 109

∂w
∂x

= f �(ψ)
∂ψ

∂x
,

∂w
∂y

= f �(ψ)
∂ψ

∂y
. (2.1a,b) 110

For vortical base flows, the fluid trajectories are then helices and their projections on 111

the xy-plane are closed curves (and hence periodic), as shown in figure 1. 112

2.1. WKB theory 113

Within the WKBJ approximation, perturbations in velocity and pressure take the 114

form: 115

u� = exp(iφ(x, t)/�)[a(x, t) + �a�(x, t) + · · ·], (2.2) 116

p� = exp(iφ(x, t)/�)[π(x, t) + �π�(x, t) + · · ·], (2.3) 117

respectively. The scalar function ∧φ(x,t) is assumed real. Assuming ∧� � 1, the 118

continuity and momentum equations, retaining only the O(�−1) and O(�0) terms, 119

reduce to Lifschitz & Hameiri (1991): ∧ 120

a · k = 0, (2.4) 121

dk
dt

= −(∇U)T · k, (2.5) 122

da
dt

= −∇U · a + 2
|k|2 [(∇U · a) · k]k, (2.6) 123
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FIGURE 1. A depiction of the vortical base flow we consider, with one sample helical
fluid trajectory. Projections of several trajectories on the xy-plane are also shown. On the
2D projection of a 3D helical trajectory, the local 2D Serret–Frenet frame is based on
∇ψ and Uxy, which are normal and tangent to the projected trajectory, respectively. The
initial wavevector ki makes an angle θ i with the z-axis.

where d/dt (= ∂/∂t + U · ∇) is the total time derivative with respect to the base124

flow Q3U = uex + vey + wez = (−∂ψ/∂y)ex + (∂ψ/∂x)ey + wez = Uxy + wez, and k = ∇φ/�125

is the wavevector. For 3C2D flows, (2.6) gives da/dt =0 for all a that are aligned with126

ez. The transformation k = k0k (for any constant k0) leaves the (2.4)–(2.6) unchanged;127

this scale invariance property is not trivial since the (2.4)–(2.6) are not homogeneous128

in x and y. An important consequence of the scale invariance property is that the129

growth rate is the same at all spatial scales.130

Equations (2.5) and (2.6) are transport equations along 3D fluid trajectories in the131

base flow, describing the evolution of any initial small-scale perturbation in the limit132

� � 1. Since the right-hand ∧sides of (2.5) and (2.6) depend only on a and k, and133

not their derivatives or integrals, the equations may be integrated independently on134

each 3D trajectory – that is, in the present case, a non-circular helix (figure 1), i.e. a135

winding around a non-circular cylinder.136

In the normal mode approach, the temporal stability of a 3C2D base flow137

corresponds to the global eigenvalue problem of determining the (eigen)frequency138

ω and eigenfunction F(x, y) as a function of kz, the wavenumber in the z direction.139

The solution of the linearized perturbation (of any wavelength) equations takes the140

so-called normal mode form:141

u�(x, y, z, t) = exp[i(kzz − ωt)]F(x, y). (2.7)142

The assumption of a constant kz in (2.7) is also consistent with the homogeneity (in z)143

of the local stability equations (2.5) and (2.6). To fully establish a correspondence144

between the solutions in (2.7) for a single-valued function F(x, y) and the solutions145

of (2.5) and (2.6), one also requires the wavevector k of the WKBJ solution to146

be periodic when (2.5) is integrated along one period (on the xy-plane) of the 3D147

trajectory. We therefore focus entirely on periodic wavevectors in this paper ∧and, as148

discussed in §§ 3 and 4, the wavevector periodicity condition plays a significant role149
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in determining the suppression and emergence of instabilities in vortices with an 150

axial flow. The periodicity of k also simplifies the solutions of (2.6) to fall under the 151

Floquet theory for periodic linear differential equations. 152

2.2. Periodicity criterion 153

To study the stability properties of the base flow, (2.6) is integrated along a 154

given closed streamline in the xy-plane for all k that are periodic upon integrating 155

equation (2.5) along that entire streamline once. For each k fulfilling this periodicity 156

condition, the vector amplitude a obeys a Floquet problem once integrated along 157

the streamline over one period. The resulting eigenvalues of the propagator matrix 158

in the Floquet problem give the growth rates and frequencies as a function of the 159

wavevector k. As pointed out by Lifschitz & Hameiri (1991), a · k is conserved upon 160

integrating (2.5) and (2.6) along streamlines. 161

The integration of (2.5) and (2.6) on a 3D trajectory is parametrized by an 162

integration on its 2D projection on the xy-plane, i.e. on closed streamlines of ψ . The 163

value of ψ then defines the trajectory chosen, and the time taken by a fluid particle to 164

travel from an initial point to the current point on the trajectory defines the coordinate 165

along the trajectory. To identify all k that are periodic upon integrating equation (2.5) 166

around a specific fluid trajectory, we use the Serret–Frenet decomposition on the 167

projected trajectory in the xy-plane: 168

k = α(t)Uxy + β(t)∇ψ + γ (t)ez, (2.8) 169

where α(t), Uxy, β(t), ∇ψ and γ (t) are, in general, time-dependent as we integrate 170

equation (2.5) along base flow trajectories. 171

Along ez, (2.5) reduces to: 172

dγ /dt = 0, (2.9) 173

showing that γ is constant on the trajectory, as already anticipated from the structure 174

of the global eigenmode in (2.7). For a steady flow, an alternate form of (2.5) is 175

d(k · U)/dt = 0, implying k · U = Ω , where Ω is a constant. Now, 176

k · Uxy (= α|∇ψ |2) = k · U − k · wez = Ω − γ w, (2.10) 177

resulting in: 178

α = Ω − γ w
|∇ψ |2 , (2.11) 179

implying that α varies since |∇ψ |2 varies on a trajectory, whereas Ω, γ and w ∧do not. 180

Here α(t), however, is periodic when (2.5) is integrated along a closed streamline. 181

To derive a criterion imposed by the periodicity of β(t), we take the total time 182

derivative of the dot product between (2.8) and ∇ψ to get: 183

d
dt

(k · ∇ψ) = d(β|∇ψ |2)
dt

= β
d(|∇ψ |2)

dt
+ dβ

dt
|∇ψ |2 184

= dk
dt

· ∇ψ + k · d∇ψ

dt
= −[(∇U)T · k] · ∇ψ + k · (U · ∇)∇ψ . 185

(2.12) 186
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Note that the governing equation (2.5) for k has been used in (2.12). Substituting the187

expression for k from (2.8), and after some vector algebra, (2.12) reduces to:188

dβ

dt
=

�
−4α

∂ψ

∂x
∂ψ

∂y
∂2ψ

∂x∂y
− α

��
∂ψ

∂x

�2

−
�

∂ψ

∂y

�2
�

189

×
�

∂2ψ

∂x2
− ∂2ψ

∂y2

�
− γ

∂ψ

∂x
∂w
∂x

− γ
∂ψ

∂y
∂w
∂y

��
|∇ψ |2, (2.13)190

which when integrated from 0 to T (the period of the streamline we perturb around)191

should give zero for β to be periodic with the same period T . Making use of the192

expression in (2.11), the criterion for the periodicity of β can now be stated as:193

αI1 − γ

|∇ψ |2 I2 = 0, (2.14)194

where195

I1 =
� T

0

−4
∂ψ

∂x
∂ψ

∂y
∂2ψ

∂x∂y
−
��

∂ψ

∂x

�2

−
�

∂ψ

∂y

�2
��

∂2ψ

∂x2
− ∂2ψ

∂y2

�

|∇ψ |4 dt, (2.15)196

and197

I2 =
� T

0

∂ψ

∂x
∂w
∂x

+ ∂ψ

∂y
∂w
∂y

|∇ψ |2 dt = f �(ψ)T. (2.16)198

The expressions in (2.1) have been used to analytically evaluate the integral I2 in199

(2.16). The wavevector periodicity criterion in (2.14), a necessary condition to be200

fulfilled when looking for the WKBJ approximation of an ∧eigenmode, is an alternate201

form of the periodicity criterion in (4.10) in Lifschitz & Hameiri (1993). The202

periodicity criterion in (2.14) simplifies to α = 0 for any base flow with dw/dψ = 0203

and I1 �= 0. Furthermore, for an axisymmetric flow with ψ(r) ∝ r2 and dw/dr = 0,204

all wavevectors satisfy the periodicity criterion in (2.14), a scenario considered by205

Hattori & Fukumoto (2012).206

Since the transformation k = k0k (for any constant k0) leaves ∧equations (2.5)207

and (2.6) unchanged, it is sufficient to consider wavevectors of unit magnitude at208

t = 0 to identify all the periodic wavevectors that correspond to instabilities (growth209

of disturbance upon integrating equations (2.5) and (2.6) on a periodic trajectory).210

We therefore consider a unit initial wavevector of the form211

ki = cos θ i

|∇ψ |2,i

I2

I1
Ui

xy + β i
±∇ψ i + cos θ iez, (2.17)212

where θ i is the angle made by the unit vector ki with the z-axis (figure 1), and β i
± is213

then given by:214

β i
± = ±

�
1 − cos2 θ i

|∇ψ |2,i
− cos2 θ i

|∇ψ |4,i

I2
2

I2
1
. (2.18)215
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The superscript i denotes quantities at the initial location (xi, yi). Note that the 216

periodicity criterion in (2.14) has already been accounted for in (2.17). For the 217

wavevector to be real, β i
± has to be real, and this condition implies: 218

θ i � θ i
min = cos−1

�
I2

1 |∇ψ i|2
I2

1 |∇ψ i|2 + I2
2
, (2.19) 219

limiting the range of wavevector angle θ i for which one may find periodic wavevectors 220

at (xi, yi) on the chosen trajectory to [θ i
min, π/2]. 221

2.3. Numerical procedure 222

Numerically, the trajectory is computed from an initial point (xi, yi) at t = 0 by 223

integrating dx/dt = u = −∂ψ/∂y and dy/dt = v = ∂ψ/∂x using the Runge–Kutta 224

∧fourth-order scheme with a time step �t. To close the trajectory and compute 225

the period T , integration is carried out till we reach a time t = t∗ for which 226

d(t∗) = (x(t∗) − xi)2 + (y(t∗) − yi)2 attains a local minimum, and the conditions 227

(i) (x(t∗ + �t) − x(t∗))(x(�t) − xi) > 0 and (ii) (y(t∗ + �t) − y(t∗))(y(�t) − yi) > 0 are 228

satisfied. Conditions (i) and (ii) ensure that t∗ is close to the time period T of the 229

trajectory, and not to some fraction of T , where the quantity d(t∗) can possibly attain 230

a local minimum. The time period T of the periodic trajectory is now more accurately 231

estimated by interpolation as T = t∗ + 2(yi − y(t∗))/(vi + v(t∗)). The periodic trajectory 232

is then re-computed from (xi, yi) with �t = T/N, where N is a large enough integer 233

(chosen to be around 4000 for the results presented in this paper) such that doubling 234

N does not change the magnitude of the growth rates (computed using the procedure 235

described below) up to two decimal places. This step that adjusts �t such that the 236

period T is an integer multiple of �t improves the accuracy of the numerical growth 237

rate calculations. 238

For each initial position (xi, yi) chosen on a particular line intersecting all the 239

trajectories (the x-axis in the following), growth rate calculations were performed 240

for 1000 different values of the initial angle θ i, distributed equally between θ i
min and 241

π/2. For each θ i, (2.6) is solved (numerically using the Runge–Kutta ∧fourth-order 242

scheme) from t = 0 to t = T for initial conditions on the amplitude ai
1 = [1 0 0], 243

ai
2 = [0 1 0] and ai

3 = [0 0 1] to obtain the amplitude vectors at t = T as 244

af
1 = [ax,1 ay,1 az,1], af

2 = [ax,2 ay,2 az,2] and af
3 = [0 0 1], respectively. As noted 245

in § 2.1, the amplitudes a aligned with ez correspond to da/dt = 0, resulting in 246

af
3 = ai

3. The growth rate, using results from Floquet theory (Chicone 2000), is then 247

computed as σ = (1/T) max(Re(log(λ1,2))), where λ1,2 are the eigenvalues of the 248

2 × 2 matrix M = [ax,1 ax,2; ay,1 ay,2], with the semicolon separating the two rows of 249

the matrix and Re denoting the real part. 250

We note here that if a · k = 0 (2.4) is satisfied at ∧t = 0 then it remains satisfied for 251

all times when (2.5) and (2.6) are integrated in time. Therefore the plane a · ki = 0 252

is a ∧2D invariant subspace of the 3×3 matrix [ax,1 ax,2 0; ay,1 ay,2 0; az,1 az,2 1], 253

spanned by two eigenvectors satisfying a · ki = 0. The third eigenvector, corresponding 254

to eigenvalue 1, is ai
3 = af

3. Hence stability is determined by the eigenvalues of the 255

2 × 2 sub-matrix [ax,1 ax,2; ay,1 ay,2]. 256

3. Stuart vortices with axial flow 257

For the base flow, we consider Stuart vortices (Stuart 1967) with the ∧2D velocity 258

field (u, v) on the xy-plane defined by a ∧2D streamfunction: 259

ψ(x, y) = log(cosh y − ρ cos x), (3.1) 260
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in the presence of a flow w(x, y) along the axis of the vortex (z-axis). Here, ρ is the261

concentration parameter and varies between 0 and 1. Smaller values of ρ correspond262

to less concentrated vorticity and stronger ellipticity of the streamlines, as depicted in263

figure 5 of Godeferd et al. (2001). The non-dimensional form of the streamfunction264

in (3.1) assumes ∧length and velocity scales of L0 and U0, respectively, to give non-265

dimensional x, y and ψ . The corresponding time scale is then given by T0 = L0/U0.266

As discussed in § 2, the steady-flow assumption requires w to be purely a function267

of ψ , i.e. w(x, y) = f (ψ), where f is any smooth function. The spatial derivatives of268

w(x, y) are then given by:269

∂w
∂x

= f �(ψ)v, (3.2)270

∂w
∂y

= −f �(ψ)u. (3.3)271

Since the equation for the wavevector k in (2.5), the equation for the amplitude272

perturbation a in (2.6), and the periodicity criterion for k in (2.14) all depend only273

on the spatial derivatives of w(x, y), the influence of the axial velocity on the stability274

of a particular streamline is determined completely by the value of f �(ψ). For each275

streamline, we define a parameter τ :276

τ = f �(ψ)v(x0, 0)

ω
, (3.4)277

where ω = (∂v/∂x − ∂u/∂y) is the 2D vorticity on the streamline, i.e. the z-component278

of vorticity, which is invariant on the streamline as a consequence of the Kelvin279

theorem. Here x0 is the point of intersection of the streamline with the positive280

x-axis, allowing us to label the streamline. The parameter τ is the ratio between281

the x-component of the gradient of axial velocity at a chosen point (x0, 0) on the282

streamline and the z-component of the vorticity associated with the streamline.283

For any axisymmetric flow described by a streamfunction ψ(r), where r is the radial284

coordinate on the xy-plane, the expression for τ in (3.4) reduces to:285

τ =
�

r
dw
dr

���
d
dr

�
r

dψ

dr

��
. (3.5)286

For the Stuart vortices, which are non-axisymmetric, ∂w(x0, 0)/∂y = −f �(ψ)u(x0, 0) =287

0, and τ is then the ratio of the axial shear to the z-component of vorticity at (x0, 0).288

For every ρ and τ , we consider 50 different trajectories, intersecting the x-axis at 50289

different (x0, 0), where x0 is uniformly distributed between 0 and 3.290

We first examine the dependence of θ i
min (2.19) on the axial flow, and how, as a291

consequence, the axial flow reduces the range of acceptable angles θ i to [θ i
min,π/2]. In292

figure 2(a–c), we plot contour lines of θ i
min on the plane of x0 and τ for ρ = 0.33, 0.75293

and 0.9, respectively. For all ρ and x0, θ i
min = 0 for τ = 0 and it asymptotically294

approaches π/2 as τ approaches ∞. For the case with strong ellipticity (ρ = 0.33),295

as shown in figure 2(a), θ i
min reaches values close to π/2 well before τ = 1 for all296

x0. For larger values of τ (>1) in the ρ = 0.33 case, there is then a very narrow297

range of θ i (θ i
min � θ i � π/2) over which one can find periodic wavevectors. For298

intermediate values of ρ, as shown in figure 2(b), θ i
min approaches π/2 more slowly299

for all x0 and hence allows for a wider range of periodic wavevector angles even for300

τ > 1. We also note that the convergence to θ i
min = π/2 is the slowest for trajectories301
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FIGURE 2. Contour lines of θ i
min on the x0–τ plane for (a) ρ = 0.33, (b) ρ = 0.75 and

(c) ρ = 0.90. Each plot contains fifteen contour lines, corresponding to values of θ i
min

equispaced between 0 and π/2, with θ i
min =0 lying on τ =0. The initial position for all the

plots is given by (xi, yi) = (x0, 0). The black vertical lines in (a–c) denote x0 = 0.85, 1.77
and 2.69, respectively, i.e. the values of x0 used in figures 4 and 5.
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(a) Growth rate σ as a function of θ i and τ for ρ = 0.75,
x0 = 0.85. (b) Growth rate σ as a function of θ̄ i = (θ i − θ i

min)/(π/2 − θ i
min) and τ for

ρ = 0.75, x0 = 0.85. The initial position for both the plots is given by (xi, yi) = (x0, 0).

around x0 ≈ 2. Finally, the variation of θ i
min for ρ = 0.9, as shown in figure 2(c), is 302

qualitatively similar to that of ρ = 0.75, but about three times slower in τ , with faster 303

convergence to θ i
min = π/2 for small x0 than for intermediate values of x0. 304

In figure 3(a), we plot the growth rate σ as a function of θ i (which varies between 305

θ i
min and π/2) and τ for ρ = 0.75, x0 = 0.85. For τ = 0, there is an instability 306

localized around θ i = θ∗,i = 0.695, and it has been shown by Godeferd et al. (2001) 307

to correspond to the elliptic instability of the core of the vortex. As τ increases, 308

θ∗,i (defined as the value of θ i for which σ attains its maximum value σ ∗) slowly 309

decreases, but the elliptic instability disappears for τ � τE = 0.615 owing to the 310

rapid increase of θ i
min (see figure 2b), which defines the boundary of the domain 311

of existence of periodic k solution. In figure 3(b), where θ i has been translated by 312

θ i
min and rescaled by the ∧bandwidth of possible θ i to obtain θ̄ i, this unstable elliptic 313

branch reaches the boundary θ̄ i = 0, i.e. θ i = θ i
min as τ is increased from zero and 314

then disappears for τ � τE = 0.615. 315

In figure 3(a), further increase in τ beyond τE results in the birth of a new branch 316

of instability for τ � τC = 0.868. For this new instability branch, the maximum growth 317

rate occurs for θ∗,i = θ i
min, i.e. θ̄∗,i = 0, as evidenced in both figure 3(a,b). We perform 318

a thorough investigation of this new branch of instability in § 4. 319
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FIGURE 4. (Colour online)
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Growth rate σ as a function of θ i and τ for (a) ρ = 0.33,
x0 = 0.85; (b) ρ = 0.33, x0 = 1.77; (c) ρ = 0.33, x0 = 2.69; (d) ρ = 0.75, x0 = 0.85; (e) ρ =
0.75, x0 = 1.77; (f ) ρ = 0.75, x0 = 2.69; (g) ρ = 0.9, x0 = 0.85; (h) ρ = 0.9, x0 = 1.77; (i)
ρ = 0.9, x0 = 2.69. The initial conditions for all the plots are given by (xi, yi) = (x0, 0).

In figure 4, we plot the growth rate σ as a function of θ i and τ for the three320

different values of ρ discussed in figure 2. For each value of ρ, results are plotted for321

three different trajectories, corresponding to three different initial conditions (xi, yi) =322

(x0, 0), indicated by the three black vertical lines in figure 2. Motivated by the plot323

in figure 3(b), we plot the growth rate σ as a function of θ̄ i = (θ i − θ i
min)/(π/2 − θ i

min)324

(which varies between 0 and 1) and τ in figure 5, for the same set of parameters as325

in figure 4. For large enough values of τ , θ i is restricted to the small range θ i
min � θ i �326

π/2 owing to θ i
min being close to π/2; the variation of σ within this small range of θ i

327

is more clearly visualized in the plots in figure 5. The τ = 0 sections of all the plots328

in figures 4 and 5, corresponding to no axial flow, are in complete agreement with329

the results of Godeferd et al. (2001) for Stuart vortices with no background rotation.330

For all three values of ρ, the trajectories close to the ∧centre of the vortices331

(x0 = 0.85, figures 4a and 5a, 4d and 5d, 4g and 5g) display the same dynamics and332

are susceptible to instability for small enough values of τ (τ � 0). This branch of333

instability for τ = 0, as discussed in figure 3, corresponds to the elliptic instability and334

is localized around θ∗,i = 0, 0.695 and 0.844 for ρ = 0.9, 0.75 and 0.33, respectively.335

The threshold values of τ , above which this elliptic instability disappears, are336

τE = 0.6, 0.615 and 0.229 for ρ = 0.9, 0.75 and 0.33, respectively. We note here337

that τE is a function of both ρ and x0 in the domain of x0 where elliptic instability338

is present without an axial flow according to Godeferd et al. (2001).339
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Growth rate σ as a function of θ̄ i = (θ i − θ i
min)/(π/2 − θ i

min)
and τ for (a) ρ = 0.33, x0 = 0.85; (b) ρ = 0.33, x0 = 1.77; (c) ρ = 0.33, x0 = 2.69; (d) ρ =
0.75, x0 = 0.85; (e) ρ = 0.75, x0 = 1.77; (f ) ρ = 0.75, x0 = 2.69; (g) ρ = 0.90, x0 = 0.85;
(h) ρ = 0.90, x0 = 1.77; (i) ρ = 0.90, x0 = 2.69. The initial conditions for all the plots are
given by (xi, yi) = (x0, 0).

Further increase in τ , as discussed earlier for ρ = 0.75, x0 = 0.85 in figure 3, results 340

in the appearance of a new branch of instability with θ∗,i = θ i
min, i.e. θ̄∗,i = 0 for 341

τ � τC. This new branch appears for all values of the vortex concentration parameter 342

ρ and streamlines labeled by x0, as shown in figures 4(a–i) and 5(a–i). The threshold 343

τC, defined for all ρ and x0, increases with ρ but varies less with x0, with a slight 344

increase between x0 = 0.85 and x0 = 1.77, and then a decrease for x0 = 2.69. Table 1 345

summarises the values of τC for all the cases shown in figures 4 and 5. 346

For all three values of ρ, the trajectories far from the ∧centre of the vortices (x0 = 347

2.69, figures 4c and 5c, 4f and 5f, 4i and 5i) and close to the hyperbolic point at 348

x0 =π are susceptible to the hyperbolic instability for τ = 0, as discussed in Godeferd 349

et al. (2001). This branch of hyperbolic instability is then characterized by θ∗,i = θ i
min, 350

i.e. θ̄∗,i = 0 when τ is small enough, with the maximum growth rate occurring at 351

θ i = θ∗,i = 0 for τ = 0. The maximum growth rate of this hyperbolic instability branch 352

is strongly affected by an increase in τ as θ i
min, as shown in figure 2, increases with τ . 353

In the large core size case (ρ = 0.33), as shown in figure 5(c), the range of unstable 354

(θ i − θ i
min)/(π/2 − θ i

min) corresponding to the hyperbolic instability branch decreases 355

as τ is increased from 0, before getting completely suppressed beyond a threshold 356

value of τ = τH . Further increase in τ results in the appearance of the new branch of 357

instability for τ � τC, as discussed earlier. For the cases with more concentrated vortex 358
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x0
ρ 0.85 1.77 2.69
0.33 0.29 0.46 0.42
0.75 0.87 1.29 1.08
0.90 1.61 2.36 1.96

TABLE 1. Axial shear threshold τC for the occurrence of the new instability.

cores (ρ = 0.75 in figures 4f and 5f and ρ = 0.9 in figures 4i and 5i), we observe359

features qualitatively similar to those of ρ = 0.33, with the hyperbolic branch being360

suppressed for τ > τH , τH being a monotonically increasing function of ρ.361

Intermediate trajectories that are neither too close nor too far from the ∧centre are362

subject to a combination of the elliptic and hyperbolic instabilities for τ = 0 (Godeferd363

et al. 2001) that carry over for small τ till they are suppressed (primarily by an364

increase in θ i
min) as τ increases further. For the case of (ρ, x0) = (0.33, 1.77) shown in365

figures 4(b) and 5(b), the elliptic instability dominates since θ∗,i > 0 for τ = 0, similar366

to the case of (ρ, x0) = (0.33, 0.85) shown in figures 4(a) and 5(a). Strictly speaking,367

pure elliptic instability for τ = 0 can only be observed for x0 = 0 with θ∗,i ≈ π/3; the368

value of θ∗,i shifts from π/3 as x0 increases from zero ∧and, by continuity in x0, we369

refer to this branch as the elliptic branch. This elliptic instability branch for τ = 0370

may sometimes correspond to θ∗,i = 0 for trajectories sufficiently far from the ∧centre,371

one such example being shown in figures 4(g) and 5(g).372

For the case of (ρ, x0) = (0.75, 1.77) shown in figures 4(e) and 5(e), the hyperbolic373

instability dominates since θ∗,i = 0 for τ = 0. The hyperbolic instability, characterized374

by a maximum growth rate at θ∗,i = 0, starts at the hyperbolic point x0 = π and375

continues over to smaller x0, with the maximum growth rate occurring at θ∗,i = 0. The376

reader is referred to Godeferd et al. (2001) for a thorough discussion.377

For ρ =0.9, the intermediate trajectory x0 =1.77 is outside the vortex core and away378

from the hyperbolic point. As shown by Godeferd et al. (2001) this trajectory is stable379

for all angles θ i, as confirmed by the deep blue colour on the axis τ = 0 in figures380

4(h) and 5(h). When the axial velocity shear τ is increased, this streamline continues381

being stable up to τ < τC, where τC is the threshold value of τ above which the new382

branch of instability with θ∗,i = θ i
min appears (white horizontal line in figure 5h).383

In summary, for all three values of x0 and ρ, instabilities that exist with no axial384

flow (τ = 0) persist till a threshold value of τ (= τE or τH depending on the nature385

of the instability). Specifically, we observe the suppression of the elliptic instability386

in figures 4(a) and 5(a), 4(b) and 5(b), 4(d) and 5(d) and 4(g) and 5(g), and a387

suppression of the hyperbolic instability in figures 4(c) and 5(c), 4(e) and 5(e), 4(f )388

and 5(f ) and 4(i) and 5(i). Further increase in τ results in the appearance of a389

new branch of instability at τ = τC, which, for all three values of x0, increases390

monotonically with ρ. The axial velocity shear has, for small values, a stabilizing391

effect on both the elliptic and hyperbolic instabilities that exist with no axial flow and392

then, at larger values, a destabilizing effect with the maximum growth rate occurring393

at the lower limit θ i
min of the allowed range of the wavevector angle. Our results are394

qualitatively consistent with those of Hattori & Hijiya (2010) for the Hill’s vortex395

with an axial flow.396

The leading instability, defined as the one that corresponds to the maximum growth397

rate for fixed values of ρ, x0 and τ , is now systematically studied for the same three398

values of the vortex concentration parameter ρ for all the streamlines indexed by x0. In399
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(a,b,d,e,g,h) Maximum growth rate σ ∗ as a function of x0
and τ for (a,b) ρ = 0.33, (d,e) ρ = 0.75 and (g,h) ρ = 0.9. Figures in the first and second
columns differ only in the scale of the colour bar, thus bringing out all the features present.
(c,f,i) θ̄∗,i = (θ∗,i − θ i

min)/(π/2 − θ i
min) as a function of x0 and τ for (c) ρ = 0.33, (f ) ρ =

0.75 and (i) ρ = 0.9. The initial conditions for all the plots are given by (xi, yi) = (x0, 0).
The dashed black curves denote the threshold τ = τC, above which the heuristic criterion
equation (4.16) predicts centrifugal instability. The solid black horizontal lines denote τ =
2, the sections along which σ ∗ is plotted in figure 7.

the first two columns of figure 6, we plot the maximum growth rate σ ∗ (the maximum 400

of σ over all the allowable values of the wavevector angle, θ i
min � θ i � π/2) as a 401

function of x0 and τ . The second column replicates the first but with a different scale 402

of the ∧colour bar to bring out the various features, since, as discussed below, different 403

instabilities have different scalings. 404

The last column of figure 6 shows the wavevector angle θ∗,i that corresponds to the 405

maximum growth rate. As was done for the plots in figure 5, θ∗,i is translated by θ i
min 406

and rescaled by π/2 − θ i
min to obtain θ̄∗,i = (θ∗,i − θ i

min)/(π/2 − θ i
min) in order to make 407

visible the region where θ i
min asymptotes to π/2. As shown in figure 2, we recall that 408

θ i
min = 0 for τ = 0 in the absence of axial flow and θ i

min tends to π/2 for large τ ; 409

convergence to θ i
min = π/2 is faster for weakly concentrated vortices (ρ = 0.33) than 410

for strongly concentrated vortices (ρ = 0.9), for which even at τ = 3, θ i
min is smaller 411

than one for x0 > 0.7. The white region in all the plots of figure 6 is the stable region. 412

For the strongly concentrated vortex with ρ = 0.9, in the absence of axial flow, 413

i.e. τ = 0 (figure 6g) the instability is split between two domains: inside the vortex 414

core for x0 � 1 and close to the hyperbolic point 2.1� x0 �π, respectively associated 415

with elliptic and hyperbolic instability since θ∗,i is non-zero for the small x0 domain 416

and zero for x0 close to π (figure 6i). For the trajectories 0.8� x0 � 1, the maximum 417
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growth rate occurs for θ∗,i = 0, but the corresponding instability is still categorized as418

elliptic as it is a continuation of the elliptic branch that exists for smaller x0.419

When τ is increased from zero, these two instabilities continue to exist but shrink420

to a smaller range of x0, with the elliptic instability of the core of the vortex stabilized421

first. With a further increase in τ , a new branch of unstable mode appears in the core422

of the vortices starting at x0 = 0 with θ∗,i = θ i
min (figure 6i) and σ ∗ increasing extremely423

rapidly (saturated colour in figure 6g), made visible by a change in the scale of the424

∧colour bar in figure 6(h), where the same data as in figure 6(g) is plotted.425

For a less concentrated core of the vortices ρ = 0.75 (figure 6d–f ) and ρ = 0.33426

(figure 6a–c) the same features are visible except that, in the absence of axial flow427

(τ = 0), all the x0 are unstable and the two domains of instability, mainly associated428

with the elliptic instability in the core of the vortices (small x0) and to the hyperbolic429

instability for x0 close to π, are now connected. Increasing the axial velocity shear τ430

results in the stabilization of this joined domain, starting near the core of the vortices431

(x0 close to zero) first. The new unstable branch with θ∗,i = θ i
min (figure 6c,f ) appears432

in the core of the vortices and extends to the entire domain more rapidly (i.e. for433

smaller τ ) when the vortices are less concentrated. All the closed streamlines (i.e. all434

the x0 between 0 and π) are unstable above ∧τ
∗
C = 0.48, 1.3 and 2.38 for ρ = 0.33, 0.75435

and 0.90, respectively.436

In all the σ ∗ plots, for a given x0, one can always identify a threshold of τ above437

which a new branch of instability, with growth rates typically larger than the elliptic438

and hyperbolic instabilities, is born. This new branch of instability always corresponds439

to θ∗,i = θ i
min. In the next section, we show that this is associated with the centrifugal440

instability branch.441

4. Discussion442

Based on the observation that θ∗,i = θ i
min for the new branch of instability for all443

three values of ρ, we now investigate the conjecture that the new instability appearing444

for large enough τ (τ > τC) is a centrifugal instability. To do so, we first consider445

an axisymmetric vortex with an axial flow and calculate the values for θ i
min and σ ,446

with σ ∗ to be compared with the predictions of the centrifugal instability theory by447

Leibovich & Stewartson (1983). In order to isolate the effects of an axial velocity448

on the centrifugal instability, we first study axisymmetric base flows as they are not449

susceptible to elliptic and hyperbolic instabilities.450

4.1. Axisymmetric flows451

For an axisymmetric base flow specified by the streamfunction ψ(r) and axial velocity452

w(r) = f (ψ), ∂ψ/∂x = ψ̇ cos φ, ∂ψ/∂y = ψ̇ sin φ, ∧∂
2ψ/∂x2 = cos2 φ (ψ̈ − ψ̇/r) + ψ̇/r,453

∂2ψ/∂y2 = sin2 φ(ψ̈ − ψ̇/r) + ψ̇/r and ∂2ψ/∂x∂y = sin φ cos φ(ψ̈ − ψ̇/r), where r454

and φ are the radial and azimuthal coordinates, respectively and the upper dot in ȧ455

denotes derivative of any function a with respect to r. Recognizing that dt = rdφ/ψ̇456

for integration around a circular trajectory of radius r, ψ̇ being the azimuthal velocity,457

the integrals in (2.15) and (2.16) defining the lower limit θ i
min of the wavevector to be458

periodic (2.19) reduce to:459

I1 = −2πr
ψ̇3

�
ψ̈ − ψ̇

r

�
(4.1)460
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and 461

I2 = f �T = 2πrẇ
ψ̇2

, (4.2) 462

where f � = df /dψ as defined previously. Substituting the expressions in (4.1) and (4.2) 463

in (2.14), we get: 464

α = −γ ẇ
ψ̇(ψ̈ − ψ̇/r)

, (4.3) 465

which is the same as (5.6) in Leibovich & Stewartson (1983) with their axial 466

wavenumber α = γ and their azimuthal wavenumber n = rαψ �. We find it intriguing 467

that the criterion for stationary ‘γ ’ (and maximum growth rate) in Leibovich & 468

Stewartson (1983) and our criterion for periodic wavevectors match. The minimum 469

angle θ i
min (2.19) above which periodic wavevectors exist is given by: 470

θ i
min = cos−1

�
(rψ̈ − ψ̇)2

(rψ̈ − ψ̇)2 + r2ẇ2
. (4.4) 471

To solve (2.6), we evaluate its right hand side in cylindrical coordinates: 472

−∇U · a + 2
|k|2 [(∇U · a) · k]k 473

=




2βψ̇(αψ̇ψ̈ + γ ẇ) ψ̇/r − 2β2ψ̇3/r 0

−ψ̈ + 2αψ̇(αψ̇ψ̈ + γ ẇ) −2αβψ̇3/r 0
−ẇ + 2γ (αψ̇ψ̈ + γ ẇ) −2γβψ̇2/r 0








ar
aθ

az



, (4.5) 474

where the amplitude vector has been written as a = arer + aθeθ + azez, and α, β and γ 475

are as defined in (2.8) with 476

ψ̇2((αi)2 + (β i)2) + (γ i)2 = 1 (4.6) 477

for initial wavevectors of unit magnitude. Now, recognizing that der/dt = (ψ̇/r)eθ and 478

deθ/dt = (−ψ̇/r)er, (2.6) reduces, after making use of the periodicity condition in 479

(4.3), to: 480




dar/dt
daθ/dt
daz/dt



=




2αβψ̇3/r 2ψ̇/r − 2β2ψ̇3/r 0

−ψ̈ + 2α2ψ̇3/r − ψ̇/r −2αβψ̇3/r 0
−ẇ + 2γαψ̇2/r −2γβψ̇2/r 0








ar
aθ

az



 , (4.7) 481

which in vector form can be written as da/dt = Ca, where C is the coefficient 482

matrix in (4.7). Since α, β and γ are invariant along a fluid trajectory for periodic 483

wavevectors in axisymmetric flows, the eigenvalues of C represent the growth rates. 484

One of the three eigenvalues of C is λ1 = 0, while the remaining two eigenvalues 485

λ2,3 are the solutions of: 486

λ2 = −2ψ̇

r

�
ψ̈ + ψ̇

r

�
+ 4ψ̇4

r2
α2 + 2β2ψ̇3

r

�
ψ̈ + ψ̇

r

�
. (4.8) 487

Conditions in (4.3) and (4.6) give: ∧ 488

α2 = r2ẇ2

(rψ̈ − ψ̇)2 + r2ẇ2

�
1
ψ̇2

− β2
�

, (4.9) 489
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which on substitution in (4.8) reduces it to:490

λ2 = −2r2ψ̇
d
dr

�
ψ̇

r

� ẇ2 + d
dr

(rψ̇)
d
dr

�
ψ̇

r

�

(rψ̈ − ψ̇)2 + r2ẇ2
(1 − β2ψ̇2). (4.10)491

Since β2ψ̇2 � 1 as a result of (4.6), λ2 > 0 requires:492

ψ̇
d
dr

�
ψ̇

r

� ẇ2 + d
dr

(rψ̇)
d
dr

�
ψ̇

r

�

(rψ̈ − ψ̇)2 + r2ẇ2
< 0, (4.11)493

specifying the necessary and sufficient condition for short-wavelength instability in an494

axisymmetric flow. The growth rate λmax attains a maximum for β = 0, which in turn495

corresponds to:496

γ 2 = (rψ̈ − ψ̇)2

(rψ̈ − ψ̇)2 + r2ẇ2
, (4.12)497

specifying the angle between the most unstable wavevector and the z-axis. We note498

that the most unstable wavevector was not explicitly discussed and shown in the499

papers by Eckhoff & Storesletten (1978) and Leblanc & Le Duc (2005).500

The criterion in (4.11) for a circular trajectory in an axisymmetric flow to be501

unstable to short-wavelength perturbations coincides with the sufficient condition for502

instability derived by Leibovich & Stewartson (1983). The corresponding maximum503

growth rate σ ∗ is reached for β = 0 in (4.10):504

σ ∗2 = −2r2ψ̇
d(ψ̇/r)

dr
ẇ2 + (d/dr)(rψ̇)(d/dr)(ψ̇/r)

(rψ̈ − ψ̇)2 + r2ẇ2
, (4.13)505

which coincides with the maximum growth rate expression equation (5.8) in Leibovich506

& Stewartson (1983) for particular perturbations with constant value of the frequency507

of the perturbation in the frame moving with the fluid (5.6), giving:508

σ ∗2 = 2vθ

(rv̇θ − vθ)(v
2
θ/r2 − v̇2

θ − ẇ2)

(rv̇θ − vθ)2 + r2ẇ2
. (4.14)509

To generalize the centrifugal instability criterion in (4.11) to non-axisymmetric510

flows, we rewrite the criterion as:511

d
dψ

(ψ̇/r)

��
dw
dψ

�2

+ d(rψ̇)

dψ

d(ψ̇/r)
dψ

�
< 0, (4.15)512

where d/dr in (4.11) has been replaced by ψ̇d/dψ . We now choose to replace ψ̇/r513

by 2π/T and rψ̇ by Γ /2π, where T and Γ are the time period and circulation of514

the closed fluid trajectory, respectively. These replacements are motivated by (i) the515

significant roles of Γ and ψ in the stability of 2C2D base flows (Bayly 1988), and516

(ii) the time period T being a crucial factor in the wavevector periodicity criterion517

(2.16). The centrifugal instability criterion now reduces to:518

dT
dψ

��
dw
dψ

�2

− 1
T2

dΓ

dψ

dT
dψ

�
> 0, (4.16)519
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FIGURE 7. Maximum growth rate σ ∗ as a function of x0 for (a) ρ = 0.33, (b) ρ = 0.75
and (c) ρ = 0.9. All plots correspond to τ = 2, the horizontal sections indicated by the
black lines in figure 6. Here σ ∗

H is the maximum growth rate predicted by the heuristic
criterion in (4.17).

an expression that can be evaluated for non-axisymmetric flows, with Γ being defined 520

as: Γ =
�

C UB · dl, where dl is the vector representing a differential length along 521

the streamline. For trajectories that wind around in the clockwise direction on the 522

xy-plane, T and Γ are both negative. The above heuristic criterion for centrifugal 523

instability also suggests that an alternate non-dimensional measure (instead of τ ) of 524

the axial flow is T2(dw/dψ)2(dΓ /dψ)−1(dT/dψ)−1. We further note that the criterion 525

in (4.16), for flows with dw/dψ = 0, reduces to dΓ /dψ < 0, i.e. the magnitude of 526

the circulation decreases outwards for a convex closed streamline, a result derived by 527

Bayly (1988). The criterion in (4.16) is invariant with the choice of L0 and U0, the 528

length and velocity scales used to non-dimensionalize the base flow. 529

To evaluate the validity of (4.16) for non-axisymmetric flows, in figure 6, we 530

plot (dashed curves in black) the threshold of τ above which (4.16) predicts the 531

appearance of centrifugal instability. The criterion predicts the birth of centrifugal 532

instability remarkably well for all three values of ρ ∧– including ρ = 0.33, for which 533

the vortex is strongly non-axisymmetric, i.e. the vortex is less concentrated and 534

strongly deformed by the strain field. 535

To predict the maximum growth rate for non-axisymmetric flows using the heuristic 536

approach, we rewrite the expression in (4.13) as: 537

σ ∗2
H = 4π

dT
dψ

(dw/dψ)2 − (1/T2)(dΓ /dψ)(dT/dψ)

(dT/dψ)2 + (T3/Γ )(dw/dψ)2
, (4.17) 538

where T and Γ , as discussed earlier, are of the same sign. In the above expression, 539

which is exact for axisymmetric flows, the subscript H refers to a heuristic 540

approach used. 541

To evaluate the validity of (4.17) for non-axisymmetric flows, in figure 7, we plot 542

the maximum growth rate σ ∗
H (4.17) as a function of x0 along the horizontal sections 543

indicated by the black lines in figure 6. Plotting the numerically calculated σ ∗ also, 544

we estimate the accuracy of (4.17) for ρ = 0.33, 0.75 and 0.90. For ρ = 0.75 and 545

ρ = 0.90, as shown in figure 7(b,c), the heuristically estimated maximum growth rate 546

is remarkably accurate for all trajectories, including the ones far from the core of the 547

vortices and close to the hyperbolic point. For the case of a strongly non-axisymmetric 548

vortex (ρ = 0.33 in figure 7a), the predictions of (4.17) are accurate for trajectories 549

around the origin (x0 � 1) but correspond to large errors for trajectories farther away 550

from the origin. 551
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FIGURE 8. (a) The extent of non-axisymmetry, defined as S in (4.18), plotted as a
function of x0 for ρ = 0.33, 0.75, 0.90. (b) The variation of τ/w0, based on the expression
in (4.20), as a function of x0 for ρ = 0.33, m = −10 (thick solid line); ρ = 0.75, m = −5
(thin solid line); ρ = 0.90, m = −2 (dashed line).

The extent of non-axisymmetry of the various streamlines in Stuart vortices is552

quantified using a parameter S, defined as:553

S = rσ (x0)

r̄(x0)
, (4.18)554

where rσ and r̄ are the standard deviation and mean of r(i) =
�

x(i)2 + y(i)2 with555

(x(i), y(i)) being the ith point on the streamline with x(1) = x0 and y(1) = 0. For the556

calculation of S for Stuart vortices, every streamline is represented by 1000 points557

that are equispaced in terms of the distance measured along the streamline. The value558

of S is zero for axisymmetric streamlines, and ∧becomes progressively larger as the559

streamlines deviate from a circular shape.560

Figure 8(a) shows the variation of S as a function of x0 for the three different561

values of ρ considered in this paper. For a fixed value of ρ, the streamlines close562

to the origin are more axisymmetric in comparison to those close to the hyperbolic563

point at x0 = π. Furthermore, smaller values of ρ correspond to larger values of S,564

the extent of non-axisymmetry. Based on the results in figure 7, which show that the565

criterion in (4.17) is accurate for all streamlines for ρ =0.75 and ρ =0.90, while being566

inaccurate for x0 � 1 and ρ = 0.33, we conclude that the analytical criterion in (4.17)567

for centrifugal instability in non-axisymmetric vortices is valid for any streamline with568

S � 0.2; the robustness of this conclusion, however, has to be validated over a wider569

range of parameters for the Stuart vortices, and other non-axisymmetric vortex models.570

We conclude by calculating the variation of the axial velocity parameter, τ , as a571

function of x0 for a typical axial velocity profile in Stuart vortices. Stuart (1967)572

proposed the following expression for the axial velocity w:573

w = f (ψ) = w0[1 − (1 + mρ)e−2ψ ]1/2, (4.19)574

where w0 and m are parameters. Upon using the expression for ψ in (3.1), the575

expression for τ in (3.4) reduces to:576

τ = w0ρ
1 + mρ

1 − ρ2
sin x0[(1 − ρ cos x0)

2 − (1 + mρ)]−1/2. (4.20)577
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Shown in figure 8(b) is the variation of τ/w0 with x0 for three different combinations 578

of (ρ, m). For a given (ρ, m), τ is zero at x0 = 0 and x0 = π, attaining a maximum 579

for some intermediate streamline; the maximum value of τ depends on the specific 580

values of ρ and m. Depending on the value of w0, it is possible to achieve any value 581

of τ for all the streamlines in the range 0 < x0 <π. It would be insightful, however, to 582

estimate the values of τ for various real-life flows, and hence quantify the influence 583

of the axial flow on their stability. 584

5. Conclusions 585

In this paper, we have performed a local stability analysis of Stuart vortices with 586

an axial flow. The axial flow modifies the periodicity criterion for the wavevector k, 587

a necessary condition for correspondence with the normal mode analysis. The 588

modified periodicity criterion was derived and presented in terms of quantities that 589

are computationally straightforward to calculate. 590

The elliptic and hyperbolic instabilities, that exist in Stuart vortices with no axial 591

flow, were shown to get suppressed in the presence of a sufficiently strong axial flow. 592

Further increase in the axial flow triggers the birth of a new branch of centrifugal 593

instability, which was previously known only for axisymmetric vortices (Leibovich 594

& Stewartson 1983) from a global mode analysis. We then proposed a heuristic 595

criterion for the onset (and corresponding growth rates) of centrifugal instability in 596

non-axisymmetric flows, and numerically verified that the criterion makes accurate 597

predictions for the centrifugal instability in Stuart vortices. 598

Further semi-analytical studies to understand the influence of an axial flow on the 599

elliptical and hyperbolic instabilities would result in the predictions of the variations 600

of τE and τH as functions of ρ and x0. The relevance of the local stability results 601

presented in this paper are to be confirmed by complementary global stability analysis. 602
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Appendix 609

The results presented in figures 5 and 6 correspond to the positive set of the initial 610

wavevectors represented in (2.17) for an initial position (x0, 0), i.e. β(t = 0)=β i
+. The 611

results are identical for the choice β0 =β i
− for all the initial positions on the x-axis for 612

the base flow described in § 3. For general initial positions, however, σ as a function 613

of θ i depends on the branch of initial wavevectors we choose to investigate. In 614

figure 9(a,b), the growth rate σ is plotted as a function of θ̄ i = (θ i − θ i
min)/(π/2 − θ i

min) 615

and τ for the β i
+ and β i

− branches, respectively. The initial condition (xi, yi) for these 616

plots is chosen such that (i) the trajectory that intersects the x-axis at (x0, 0) passes 617

through (xi, yi) and (ii) yi = xi tan(30◦). We observe noticeable differences between 618

figure 9(a∧) and (b), suggesting that the functional dependence of σ on θ i depends on 619

the initial condition and the branch of β i. The variation of σ ∗ (the maximum σ over 620

the range θ i
min � θ i �π/2 across the β i

+ and β i
− branches), however, does not depend 621

on the initial position, as is evident from the fact that the calculations based on the 622
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FIGURE 9. Growth rate σ as a function of θ̄ i = (θ i − θ i
min)/(π/2 − θ i

min) and τ for the
(a) β i

+ and (b) β i
− branches for ρ = 0.33 and x0 = 2.69. (c) Maximum growth rate σ ∗ as

a function of x0 and τ for ρ = 0.33. The initial conditions for all the plots are given by
(xi, xi tan(30◦)) with the trajectory passing through (x0, 0).

initial position (x0, 0) (shown in figure 6b) agree quantitatively with the calculations623

based on the initial position (xi, xi tan(30◦)) (shown in figure 9c).624
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