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∗Corresponding author address: Laboratoire Météorologique, Ecole Polytechnique, Route de Saclay, 91128

Palaiseau Cedex, France.

E-mail: marine.tort@lmd.polytechnique.fr

1



ABSTRACT4

Usual geophysical approximations are reframed in a variational framework. Starting from5

the Lagrangian of the fully compressible Euler equations expressed in a general curvilinear6

coordinates system, Hamilton’s principle of least action yield Euler-Lagrange equations of7

motion. Instead of directly making approximations in these equations, the approach fol-8

lowed is that of Hamilton’s principle asymptotics, i.e all approximations are performed in9

the Lagrangian. Using a coordinate system where the geopotential is the third coordinate,10

diverse approximations are considered. The assumptions and approximations covered are:11

1) particular shapes of the geopotential, 2) shallowness of the atmosphere which allows to12

approximate the relative and planetary kinetic energy, 3) small vertical velocities, implying13

quasi-hydrostatic systems, 4) pseudo-incompressibility, enforced by introducing a Lagangian14

multiplier.15

This variational approach greatly facilitates the derivation of the equations and systemat-16

ically ensures their dynamical consistency. Indeed the symmetry properties of the approx-17

imated Lagrangian imply the conservation of energy, potential vorticity and momentum.18

Justification of the equations then relies, as usual, on a proper order-of-magnitude analy-19

sis. As an illustrative example, the asymptotic consistency of recently introduced shallow-20

atmosphere equations with a complete Coriolis force is discussed, suggesting additional cor-21

rections to the pressure gradient and gravity.22
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1. Introduction23

Numerical models for weather prediction and global climate seek to simulate the be-24

haviour of the atmosphere by using accurate representations of the governing equations of25

motion, thermodynamics and continuity. The governing equations of motion can be ap-26

proximated using geometrical or dynamical order-of-magnitude arguments but the retained27

equations set has also to be dynamically consistent in the sense that it possesses conservation28

principles for mass, energy, absolute angular momentum (AAM) and potential vorticity. For29

instance, the widely-used hydrostatic primitive equations (HPE) make use of the following30

approximations :31

• the spherical geopotential approximation, whereby the small angle between the radial32

direction and the local vertical is neglected,33

• the shallow-atmosphere approximation, whereby the distance to the center of the Earth34

is assumed constant, simplifying many metric terms arising when expressing the equa-35

tions of motion in spherical coordinates,36

• the traditional approximation, which neglects those components of the Coriolis force37

that vary as the cosine of the latitude,38

• the hydrostatic approximation, which neglects some terms in the vertical momentum39

budget, turning vertical velocity into a diagnostic quantity.40

The HPE describe quite accurately large-scale atmospheric and oceanic motions. Further-41

more, they filter out the acoustic waves supported by the fully compressible Euler equations,42

which avoids certain numerical difficulties. For certain applications like high-resolution global43

weather forecasting, the use of hydrostatic approximation becomes inappropriate. Hence,44

less drastic approximations have been sought to filter out the acoustic waves : the sound-45

proof approximations share the feature that the relationship between density and pressure46
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is suppressed, while a more or less accurate representation of the relationship between den-47

sity and entropy/potential temperature is retained (see Ogura and Phillips (1962); Lipps48

and Hemler (1982); Durran (1989, 2008); Klein and Pauluis (2011) and Cotter and Holm49

(2013)).50

As more accurate equations sets are sought, it becomes desirable to also relax the51

spherical-geopotential approximation in order to take into account the flattening of the52

planet, which also implies a latitudinal variation of the gravity acceleration g between the53

poles and the equator. The flattening at the pole of the giant gas planets Saturn and Jupiter54

could have important dynamical effects on the large-scale atmospheric motion because of55

their high speed rotation rate. It may be worth, then, to include this effect by allowing a56

non-spherical geopotential. Gates (2004) first derived such equations of motion using oblate57

spheroidal coordinates. Unfortunately this coordinate system leads to the wrong sign for the58

variation of g between the poles and the equator. Richer coordinate systems were suggested59

to overcome this problem. White et al. (2008) have introduced a similar oblate spheroid60

geometry which allows qualitatively correct, but quantitatively incorrect variations of g be-61

tween poles and equator. White and Inverarity (2012) have proposed a quasi-spheroidal62

geometry for which the resulting ratio of g between poles and equator is unity and in that63

sense, will not be useful to model meridional gravity variation. Nevertheless it could be64

relevant to quantify geometric differences comparing to purely spherical geometry. Very65

recently, Bénard (2014 A) have presented a ”fitted oblate spheroid” coordinate system rele-66

vant for global numerical weather prediction. This coordinate system has the merit of being67

defined analytically and allowing a realistic horizontal variation of g. Finally, White and68

Wood (2012) have derived the equations of motion using a general orthogonal coordinate69

system, subject only to the assumption of zonal symmetry, extending their previous work70

(White et al. 2005) to zonally-symmetric (i.e axisymmetric) geopotential.71

Moreover, while the dynamical effects of the non-traditional Coriolis force are not fully72

understood, several studies have demonstrated its important role for certain geophysical and73
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astrophysical applications (Gerkema et al. 2008). Particularly, oceanic equatorial flows are74

subjected to non-traditional dynamical effects (Hua et al. 1997; Gerkema and Shrira 2005).75

Closely related, the large depth of the atmosphere should be taken into account to model76

specific other planets such as Titan, Jupiter or Saturn for the depth of their atmospheres77

(Gerkema et al. 2008).78

Thus, for certain applications some of the usual approximations may not be satisfactory,79

which raises the question of whether and how they can be relaxed, fully or partially, and80

combined together, without compromising the model consistency.81

82

The dynamical consistency of a model can be checked by deriving explicitly the relevant83

budgets. Within the approximation of a spherical geopotential, four dynamically consistent84

approximated models correspond to whether the shallow-atmosphere and hydrostatic ap-85

proximations are individually made or not made (Phillips 1966; White and Bromley 1995;86

White et al. 2005). These authors use a combination of intuition and ingenuity to identify87

the terms that need to cancel each other in the various budgets.88

However it can be more straightforward to derive the approximated equations following89

the approach of Hamilton’s principle asymptotics (Holm et al. 2002) : all approximations are90

performed in the Lagrangian then Hamilton’s principle of least action produces the equations91

of motion following standard variational calculus (Morrison 1998). The desired conservation92

properties are ensured by the symmetry properties of the approximated Lagrangian. This93

approach has been used recently to derive non-traditional shallow-atmosphere equations94

(Tort and Dubos 2013), i.e. shallow-atmosphere equations with a complete Coriolis force95

representation. In addition to the non-traditional cosφ Coriolis force part, extra terms96

need to be taken into account in the equations of motion to restore the angular momentum97

budget. The physical origin of those terms is not trivial, and in fact arise from the vertical98

dependance of planetary angular momentum, of which the cosφ Coriolis force is only one99

aspect.100
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Although many known approximate systems have been shown to derive from Hamil-101

ton’s principle, this has typically been done in hindsight (Müller 1989; Roulstone and Brice102

1995; Cotter and Holm 2013). For example, the variational formulation of the anelastic and103

pseudo-incompressible approximations have been obtained only recently (Cotter and Holm104

2013).105

106

The overarching goal of the present work is to frame the above mentioned approximations107

in a systematic framework starting from the unapproximated compressible Euler equations,108

with very mild assumptions regarding the geopotential field. Hamilton’s principle of least109

action, despite its perceived technicality, is the ideal tool for this. Fortunately, for the110

purpose just stated, it is possible to invoke Hamilton’s principle just once with a simple, but111

sufficiently general, form of the Lagrangian. This leads to the Euler-Lagrange equations of112

motion (13). This sufficiently general form relies on general curvilinear coordinates, in order113

to be able to use later the geopotential as a vertical coordinate.114

The necessary notations are introduced in section 2, and the conservation laws are ob-115

tained from the Euler-Lagrange equations (13) without further variational calculus. The116

next step is to actually construct a curvilinear system where the geopotential is a vertical117

coordinate. This problem is addressed in section 3. Then the dominant force - gravity -118

acts only in an accurately defined vertical direction, and it becomes possible to simplify the119

equations of motion without jeopardizing the conservation laws by approximating directly120

the Lagrangian itself. This is done in section 4. Many well-known approximate systems121

of equations are ”rediscovered” this way, a number of which had already been formulated122

from a variational principle. Nevertheless we still obtain new variational formulations for123

recently derived approximate systems (White and Wood 2012; Klein and Pauluis 2011). Fur-124

thermore a new set of shallow-atmosphere non-traditional equations in a zonally-symmetric,125

non-spherical geopotential is derived combining White and Wood (2012) and Tort and Dubos126

(2013). As in Tort and Dubos (2013), the derivation is based on an asymptotic expansion127
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of kinetic energy and planetary terms. In section 5, a more general discussion addresses128

the asymptotic consistency of the complete Lagrangian, especially between the terms re-129

tained/neglected in the kinetic and Coriolis terms, and those retained/neglected in potential130

and internal energy. The main results are then summarized in section 6.131

2. Euler-Lagrange equations of motion in general curvi-132

linear coordinates133

a. The action functional134

Hamilton’s principle of least action states that flows satisfying the equations of motion135

render the action stationary, i.e. δ
∫
Ldt = 0 where the Lagrangian L is defined as the136

mass-weighted integral of a Lagrangian density L(r, ρ, s, ṙ) :137

L =

∫
V
L(r, ρ, s, ṙ)dm, dm = ρd3r, (1)

where r is the position in a Cartesian frame attached to the planet, V is the spatial domain138

containing the fluid of density ρ and [t0, t1] is the time domain. Notice that L is a function139

of r, ρ, s, ṙ only. This is a restriction to the family of equations that can be considered. As140

will become apparent, a wide-ranging family of approximated equations can be derived from141

this restricted form of the action.142

We follow Morrison (1998) and adopt the Lagrangian point of view. Fluid parcels are143

identified by their Lagrangian labels a. r(a, τ) is the position of a fluid parcel and ṙ =144

∂r(a, τ)/∂τ is its three-dimensional velocity; they are both functions of labels a and time145

τ . The variable τ is used to emphasize that partial time derivatives ∂/∂τ are taken at146

fixed particle labels a, not at fixed spatial coordinates, so that ∂/∂τ = D/Dt is in fact the147

Lagrangian time derivative. Furthermore the mass of an infinitesimal volume surrounding148

a fluid parcel is dm = µd3a = ρd3r where µ = ρdet (∂r/∂a) does not depend on time and149
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is therefore determined by the initial value of ρ and r. When invoking Hamilton’s principle,150 ∫
Ldτ is considered as a functional of the label-time field r(a, τ). Variations δuk and δρ can151

be expressed in terms of variations δr taken at fixed Lagrangian labels. Variations δr vanish152

at τ = t0, t1.153

Letting e(α, s) be the specific internal energy with α = 1/ρ the specific volume, s specific154

entropy, p = −∂e/∂α the pressure, T = ∂e/∂s the temperature, the compressible Euler155

equations with Coriolis force result from the Lagrangian density L(ρ, ṙ, s; r, t) :156

L(ρ, ṙ, s; r, t) =
1

2
ṙ2 + ṙ ·R (r)− e(ρ, s)− Φ (r) , (2)

where R (r) = Ω × r is the solid-body velocity due to the planetary rotation Ω. and the157

geopotential Φ(r) is the sum of the gravitational and centrifugal potentials. In this section,158

(2) is expressed in a general curvilinear coordinate system. Hamilton’s principle of least159

action then yields the equations of motion.160

b. Motion and transport in general curvilinear coordinates161

We now consider general curvilinear coordinates
(
ξk
)
, i.e. a mapping

(
ξk
)
7→ r

(
ξk
)
. The162

chain rule shows that motion in the curvilinear system
(
ξk
)

is described by the Lagrangian163

derivatives uk = Dξk/Dt :164

uk =
Dξk

Dt
, (3)

ṙ = uk∂kr, (4)

Ds

Dt
=

∂s

∂t
+ uk∂ks, (5)

where s is some scalar field, ∂k is the partial derivative of a space-time field with respect165

to ξk and we use Einstein’s summation convention (unless explicitly stated otherwise), with166

indices k, l = 1, 2, 3. Later we will need to distinguish between horizontal (k = 1, 2) and167

vertical directions (k = 3), and use indices i, j = 1, 2 instead of k, l. (4) shows that
(
uk
)

are168
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the contravariant components of velocity ṙ. Squaring (4) yields :169

ṙ · ṙ = Gklu
kul with Gkl = ∂kr · ∂lr (k, l = 1, 2, 3).

Gkl is the metric tensor associated to coordinates
(
ξk
)
. At this point no orthogonality is170

assumed. For a vector field wk∂kr, the Lagrangian derivative is171

D

Dt

(
wk∂kr

)
=

[(
∂

∂t
+ umDm

)
wk
]
∂kr,

where the covariant derivative Dm is defined via the Christoffel symbol Γkml172

Dmw
k = ∂mw

k + Γkmlw
l,

2GklΓ
k
ml = ∂mGkl + ∂lGkm − ∂kGlm.

Noting J =
√

detGkl the Jacobian such that d3r = Jd3ξ, the divergence operator is173

div
(
uk∂kr

)
=

1

J
∂k
(
Juk

)
.

Hence the budget for the pseudo-density ρ̂ = Jρ, where ρ is the mass per unit volume, is :174

∂ρ̂

∂t
+ ∂k

(
ρ̂uk
)

= 0,
Dρ̂

Dt
+ ρ̂∂ku

k = 0. (6)

Finally we will note
(
Rk
)

and (Rk) the contravariant and covariant components of R,175

such as :176

Ω× r = Rk∂kr, Rk = (Ω× r) · ∂kr = GklR
l.

c. Euler-Lagrange equations in a general curvilinear coordinate system177

With the above definitions the Lagrangian can be rewritten :178

L =

∫
L̂(ρ̂, ξk, uk, s)dm, dm = ρ̂d3ξ, (7)

L̂ = K + C − Φ(ξk)− e
(
J(ξk)

ρ̂
, s

)
, (8)

K =
1

2
Gklu

kul, (9)

C = Gklu
kRl = ukRk. (10)
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In what follows, we will need to distinguish between ∂kL̂ and ∂L̂/∂ξk. The latter retains179

only the explicit dependance of L̂ on ξk, and not its indirect dependance through the fields180

uk, ρ̂ and s. For instance ∂K/∂ξk = ∂kGlmu
lum/2, and we have the chain rule :181

∂kL̂ =
∂L̂

∂ξk
∂kξ

l +
∂L̂

∂ul
∂ku

l +
∂L̂

∂ρ̂
∂kρ̂+

∂L̂

∂s
∂ks. (11)

The action

∫
Ldτ is now considered as a functional of the label-time field ξk(a, τ). By182

requiring the stationarity of the action

∫
Ldt = 0, we obtain183

∫ t1

t0

(∫
A

∂L̂

∂uk
· δuk +

∂L̂

∂ξk
· δξk +

∂L̂

∂ρ̂
δρ̂

)
dmdτ = 0,

where δs = 0 due Lagrangian conservation of specific entropy s. The integral involving δρ̂184

can be expressed as :185 ∫
A

∂L̂

∂ρ̂
δρ̂dm =

∫
A

1

ρ̂
∂k

(
∂L̂

∂ρ̂
ρ̂2

)
δξkdm, (12)

by using δρ̂/ρ̂2 dm = −
(
∂kδξ

k
)

d3ξ and integrating by parts with respect to ξk (see Morrison186

(1998)). In (12) we have omitted boundary terms that vanish with appropriate boundary187

conditions (see Morrison 1998). Using (12), expressing δuk as δuk =
∂

∂τ
δξk and integrating188

by parts with respect to τ yields :189 ∫ t1

t0

∫
A

(
− ∂

∂τ

∂L̂

∂uk
+
∂L̂

∂ξk
+

1

ρ̂
∂k

(
∂L̂

∂ρ̂
ρ̂2

))
δξkdmdτ = 0.

Requiring that

∫
Ldt = 0 for arbitrary variations δξk yields the Euler-Lagrange equations190

of motion:191

D

Dt

∂L̂

∂uk
− ∂L̂

∂ξk
=

1

ρ̂
∂k

(
∂L̂

∂ρ̂
ρ̂2

)
. (13)
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d. Interpretation of Euler-Lagrange equations192

In order to decipher (13), we first note that the terms K and C produce the covariant193

components of acceleration
D

Dt
ṙ and Coriolis force curl R× ṙ respectively:194 (

D

Dt

∂

∂uk
− ∂

∂ξk

)
K = Gkl

(
∂

∂t
+ umDm

)
ul,(

D

Dt

∂

∂uk
− ∂

∂ξk

)
C = (∂mRk − ∂kRm)um.

Moreover ρ̂2∂L̂/∂ρ̂ = −pJ , and ∂Φ/∂ξk are the covariant components of ∇Φ. Also195

∂

∂ξk
e(J/ρ̂, s) = −p

ρ̂
∂kJ,

which partially cancel with ∂k (Jp) /ρ̂ to leave only the covariant components of −∇p on the196

right-hand-side :197

Gkl

(
∂

∂t
+ umDm

)
ul,

+ [∂mRk − ∂kRm]um = −∂kΦ−
1

ρ
∂kp. (14)

Therefore (13) is, as expected, nothing else than the covariant components of Euler equation198

D

Dt
ṙ + curl R× ṙ = −∇Φ− 1

ρ
∇p. (15)

e. Vector-invariant form199

Expanding D/Dt = ∂t + ul∂l in (13), we obtain :200

∂vk
∂t

+ ul∂lvk −
∂L̂

∂ξk
= ∂k

(
∂L̂

∂ρ̂
ρ̂

)
+
∂L̂

∂ρ̂
∂kρ̂, (16)

where vk = ∂L̂/∂uk. Introducing the Bernoulli function201

B̂ = vlu
l + s

∂L̂

∂s
− ∂L̂

∂ρ̂
ρ̂− L̂ (17)

and using the chain rule (11) in (16), the vector-invariant form of (13) is finally obtained :202

∂vk
∂t

+ ul (∂lvk − ∂kvl) + ∂kB̂ − s∂k

(
∂L̂

∂s

)
= 0, (18)
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Notice that vk are the covariant components of absolute velocity R + ṙ, and ∂L̂/∂s =203

−T . The thermodynamic contribution to the Bernoulli function (17) is Gibbs’ free energy204

s∂L̂/∂s− ρ̂∂L̂/∂ρ̂+ e = e + αp − Ts. For an ideal perfect gas this simplifies if one uses205

potential entropy θ(s) instead of s as a prognostic variable. Indeed (18-17) become206

∂vk
∂t

+ ul (∂lvk − ∂kvl) + ∂kB̂ − θ∂k

(
∂L̂

∂θ

)
= 0,

207

where now B̂ = vlu
l + θ

∂L̂

∂θ
− ∂L̂

∂ρ̂
ρ̂− L̂.

The thermodynamic contribution to B̂ is then e+ αp− θπ which vanishes in the particular208

case of perfect gas : e + αp = cpT = θπ, where cp is the specific heat at constant pressure209

and π = ∂e/∂θ is the Exner function. Then B̂ = vlu
l −K − C + Φ =

1

2
Gklu

kul + Φ. One210

recovers therefore the well-known vector-invariant form of (15) :211

∂tṙ + curl (R + ṙ)× ṙ +∇
(

ṙ2

2
+ Φ

)
+ θ∇π = 0.

This form is often derived from the advective form (15) by algebraic manipulations and212

using αdp = θdπ. However it is important to stress that αdp = θdπ holds for an ideal213

perfect gas only and that for a general equation of state thermodynamics will contribute to214

the Bernoulli function. There is then no obvious advantage to using potential temperature215

instead of entropy. The vector-invariant form can also be obtained directly and naturally216

from Hamilton’s principle of least action using the Lie derivative formulation of Holm et al.217

(2002).218

f. Conservation laws219

We now briefly state the conservation properties of (13). Due to Noether’s theorem and220

invariance of the Lagrangian L̂ with respect to time, conservation of energy is expected. Due221

to the restricted form (2) that we consider for L̂, the action is invariant under parcel rela-222

belling, which implies the conservation of Ertel’s potential vorticity (Newcomb 1967; Salmon223
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1988; Müller 1995; Padhye and Morrison 1996). If the geopotential is zonally-symmetric con-224

servation of AAM should hold. We now provide explicit derivations of these expected results.225

Absolute and potential vorticity are defined as226

Jωk = εklm∂lvk, η =
Jωk∂ks

ρ̂
,

where εklm is totally antisymmetric. Using the vector-invariant form (18), an expression for227

∂t
(
Jωk

)
is derived. Combining this expression with the evolution equation for ∂ks obtained228

by differentiating (4) and with the mass budget (6) yields the Lagrangian conservation of229

potential vorticity :230

Dη

Dt
= 0.

These algebraic manipulations are strictly identical to the Cartesian case (Vallis 2006).231

The local energy budget is :232

∂Ê

∂t
+

∂

∂ξk

((
Ê + Jp

)
uk
)

= 0, (19)

233

where Ê = ρ̂E,

E = ukvk − L̂ = K + Φ(ξk) + e

(
J

ρ̂
, s

)
.

Indeed using the chain rule :234

DE

Dt
= uk

Dvk
Dt

+ vk
Duk

Dt

− ∂L̂
∂ξk

uk − ∂L̂

∂uk
Duk

Dt
− ∂L̂

∂ρ̂

Dρ̂

Dt
,

and using the Euler-Lagrange equations of motion, (19) follows.235

To derive the AAM budget, we multiply (13) by ρ̂ to obtain :236

∂

∂t
(ρ̂vk) + ∂l

(
ρ̂ulvk

)
+ ∂k(Jp) = ρ̂

∂L̂

∂ξk
. (20)

Therefore, apart from boundary terms,
∫
vkdm is conserved provided the source term on the237

r.h.s of (20) vanishes. If the coordinate system is zonally-symmetric, i.e. ξ1 is longitude,238
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∂1Gkl = 0 and ∂1Rk = 0, the source term for
∫
v1dm reduces to ρ̂∂1Φ. Hence

∫
v1dm is239

conserved if the geopotential is zonally-symmetric.240

Not much seems to have been achieved at this point, since (13) only restates the well-241

known compressible Euler equations, together with their conservation properties. However242

we are now in a position to make approximations without jeopardizing the conservation243

properties. Indeed the vector-invariant form (18) and the conservation laws for energy, po-244

tential vorticity and AAM depend only on the equations of motion taking the Euler-Lagrange245

form (13), but not on the details of the Lagrangian L̂. We can therefore approximate L̂ as246

we wish. Especially the metric tensor Gkl, the covariant components of planetary velocity247

Rk = GklR
l and the Jacobian J can be approximated, and these approximations can be248

made independently.249

Useful and accurate approximations will take place in a coordinate system adapted to250

the dominance of the gravitational force in geophysical flows. Such a coordinate system,251

where the geopotential depends only on ξ3, is constructed in the next section.252

3. Geopotential-based curvilinear coordinates253

With a non-spherical geopotential one must distinguish between the radial direction254

parallel to r, and the vertical direction along ∇Φ. Similarly one distinguishes between the255

tangential directions, orthogonal to r, and the horizontal directions, orthogonal to ∇Φ. In256

this section we examine the construction of curvilinear coordinates ξ1, ξ2, ξ3 where257

• the geopotential depends only on ξ3, and therefore the third direction is vertical258

• furthermore the directions ξ1, ξ2 are horizontal, hence G13 = G23 = 0.259

We now need to distinguish between horizontal (k = 1, 2) and vertical directions (k = 3),260

and use indices i, j = 1, 2 instead of k, l. The problem boils down to finding a mapping261

(ξ1, ξ2, ξ3) 7→ r such that ∂3r ‖ ∇Φ and ∂ir · ∂3r = 0. We first show how a construction can262
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in principle be found with a general geopotential Φ(r). Then an approximate but explicit263

construction is sketched, and implemented for a specific, zonally-symmetric geopotential264

taking into account the leading aspherical corrections of the Earth geopotential.265

a. General geopotential field266

Let Φ(ξ3) be the desired dependance of Φ on ξ3, and Φref = Φ(ξ3
ref ) a reference geopo-267

tential. It is generally possible, although not necessarily simple in practice to find a system268

of curvilinear coordinates ξ1, ξ2 on the geoid Φ = Φref , i.e. a mapping (ξ1, ξ2) 7→ rref such269

that Φ (rref (ξ1, ξ2)) = Φref . Notice that such a coordinate system must have singularities,270

like the pole for standard longitude-latitude coordinates. Rigorously, one must consider sev-271

eral such curvilinear systems and patch them together to cover the whole sphere/spheroid.272

This procedure is unambiguous provided one manipulates only expressions that transform273

properly under a change of curvilinear coordinates. This is what we do in sections 4 and274

5. In fact, although we do not do it here, it is possible to adopt an intrinsic formulation of275

all that follows by replacing the coordinates ξ1 and ξ2 by a vector n belonging to the unit276

sphere. Now let us follow the vertical curve passing through rref (ξ1, ξ2), i.e. integrate :277

∂3r =
∇Φ

‖∇Φ‖2

dΦ

dξ3
, r(ξ1, ξ2, ξ3

ref ) = rref
(
ξ1, ξ2

)
. (21)

Then278

∂

∂ξ3
Φ
(
r
(
ξk
))

=
dΦ

dξ3
⇒ Φ

(
r
(
ξk
))

= Φ(ξ3)

which implies ∂ir · ∂3r = 0.279

Notice that even if (ξ1, ξ2) is orthogonal on the reference surface, nothing can be said280

when ξ3 6= ξ3
ref . In the sequel we do not assume G12 = 0, although it is possible to obtain281

G12 = 0 when the geopotential is zonally-symmetric.282

Furthermore (21) does not guarantee that the mapping
(
ξk
)
7→ r

(
ξk
)

is invertible. Since283

it clearly is for a spherical geopotential, and the actual geopotential is close to spherical, we284

assume that a breakdown does not occur in the spatial domain of interest.285
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b. A perturbative approach for nearly-spherical geopotential286

In the previous subsection 3.a, a general shape of the geopotential is considered. However287

since the Earth and more generally telluric planets are quite well described by a sphere, it288

can be sufficient and more explicit to construct r(ξk) by a perturbative procedure starting289

from a spherical geometry.290

Let us remind that geopotential Φ(r) is defined as the sum of the gravitational and291

centrifugal potentials292

Φ(r) = V (r)− 1

2
‖Ω× r‖2 . (22)

Assuming r = ‖r‖ is of order O(a) with a a suitably defined planetary radius, V is of order293

g0a where ‖∇V ‖ = O(g0) at r = O(a). The non-dimensional parameter294

γ =
aΩ2

g0

(23)

is typically small (γ ∼ 1/300 for the Earth). Since γ measures the relative strength of295

centrifugal and gravitational accelerations, it also defines the order of magnitude of the296

planetary ellipticity, and therefore the deviation of V (r) from spherical symmetry. Therefore297

one can decompose Φ/(ag0) as298

Φ

ag0

= Φ0(r/a) + γΦ1(r/a) + . . . (24)

where Φ0(r/a) = (r/a)−1, and Φ1 collects the non-spherical part of the gravitational potential299

and the centrifugal potential. We can now explicitly construct a corresponding expansion of300

r(ξk) in powers of γ301

r
(
ξk
)

= R
(
ξ3
)
r0

(
ξi
)

+ γr1

(
ξk
)

+ . . . (25)

satisfying, order by order :302

Φ(r(ξk)) = Φ(ξ3), ∂3r · ∂ir = 0.

The leading order is satisfied if r0 defines curvilinear coordinates on the unit sphere and303

ag0Φ0(R(ξ3)) = Φ(ξ3), i.e. R(ξ3) = g0a
2/Φ(ξ3). At order γ :304

Φ

ag0

=
a

R
− γr0 · r1

a

R2
+ γΦ1 (Rr0) ,
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hence the condition Φ(r(ξk)) = Φ(ξ3) determines the radial part of the correction r1 :305

r0 · r1 =
R2

a
Φ1 (Rr0) , (26)

while a tangential correction is required to maintain orthogonality ∂3r · ∂ir = 0 :306

R∂3r1 · ∂ir0 = −dR

dξ3
r0 · ∂ir1

=
dR

dξ3
(r1 · ∂ir0 − ∂i (r0 · r1)) .

Differentiating (26) :307

r0 · ∂3r1 = ∂3

(
R2

a
Φ1 (Rr0)

)
,

all covariant components of ∂3r1 in the basis (∂1r0, ∂2r0, r0) are known as a function of r1308

and ξ3. Therefore at fixed ξ1, ξ2, we face a simple ordinary differential equation for r1(ξ3).309

If Φ1 is given as a sum of spherical harmonics, each with a power-law dependance on r, an310

explicit solution can be found. We provide an example in the next subsection.311

c. A simple set of nearly-spherical coordinates312

We now apply the procedure outlined in subsection 3.b to the dominant terms considered313

by White et al. (2008) :314

Φ

g0a
=
a

r
+ γ

[
α1

(a
r

)3
(

sin2 χ− 1

3

)
+ α2

(r
a

)2

cos2 χ

]
, (27)

where α1, α2 are O(1) constants and χ is the geocentric latitude such that:

r = r (cosλ cosχex + sinλ cosχey + sinχez) .

This geopotential is zonally-symmetric. To define r0 and express r1 we use longitude-315

latitude coordinates , i.e. ξ1 = λ, ξ2 = φ, ξ3 = ξ and316

r0 = eR = cosλ cosφex + sinλ cosφey + sinφez,

∂φr0 = eφ = − cosλ sinφex − sinλ sinφey + cosφez,

r1 = aφ (φ, ξ) eφ + aR (φ, ξ) eR. (28)
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Now, neglecting terms O(γ2) and using expansion (25) :317

∂r

∂ξ
=

dR

dξ
r0 + γ

(
∂aφ
∂ξ

eφ +
∂aR
∂ξ

eR

)
, (29)

∂r

∂φ
= Reφ + γ

(
∂aφ
∂φ

eφ +
∂aR
∂φ

eR − aφeR + aReφ

)
,

318

∂r

∂ξ
· ∂r

∂φ
= γ

dR

dξ

(
∂aR
∂φ
− aφ

)
+ γR

∂aφ
∂ξ

,

= γR2

[
∂

∂ξ

(aφ
R

)
− ∂

∂φ

(
R−2 dR

dξ
aR

)]
,

and a way to satisfy (∂r/∂ξ) · (∂r/∂φ) = 0 is to introduce the non-dimensional potential319

ψ(φ,R) such that320

aφ = R
∂ψ

∂φ
, aR = R2 ∂ψ

∂R
. (30)

Finally ψ is determined by the condition that Φ(r (λ, φ, ξ)) = Φ(ξ). At leading order this321

implies Φ(ξ) = ag0Φ0(R (ξ)) while at order γ we obtain :322

∂ψ

∂R
= −R−2aR = −R−2

(
dΦ0

dR

)−1

Φ1,

a
∂ψ

∂R
= α1

( a
R

)3
(

sin2 φ− 1

3

)
+ α2

(
R

a

)2

cos2 φ,

ψ = −α1

2

( a
R

)2
(

sin2 φ− 1

3

)
+
α2

3

(
R

a

)3

cos2 φ.

(31)

Notice that the coordinate system defined by (25,28,30,31) is horizontally orthogonal, i.e.323

(∂r/∂φ)·(∂r/∂λ) = 0. As noted before, this seems to be allowed only by a zonally-symmetric324

geopotential.325

4. Approximations326

In (13) no approximation has been made to the fully compressible Euler equations. How-327

ever if we use a geopotential-based coordinate system as defined and constructed in section328
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3 (i.e. ∂iΦ = 0 and Gi3 = 0), the kinetic energy and Euler-Lagrange equations (14) become329

:330

K =
1

2
Giju

iuj +
1

2
G33u

3u3,
331 (

D

Dt

∂

∂ui
− ∂

∂ξi

)
K

+ [∂mRi − ∂iRm]um = −1

ρ
∂ip, (32)(

D

Dt

∂

∂u3
− ∂

∂ξ3

)
K

+ [∂mR3 − ∂3Rm]um = −∂3Φ− 1

ρ
∂3p, (33)

where we remind that i, j = 1, 2 while m = 1, 2, 3. Notice that, for the sake of completeness,332

we keep R3 6= 0. However R3 = 0 as soon as the geopotential is zonally-symmetric, which333

seems a good enough approximation for the vast majority of applications. Equations of334

motion (32)-(33) are written in terms of relative kinetic energy K, Coriolis force and pressure335

gradient. In the sequel, we emphasize for each kind of approximation how they approximate336

each of these three terms.337

The main improvement is that gravity ∂3Φ enters only the third equation of motion. This338

will simplify the derivation of usual approximations, and allow the derivation of new ones,339

while preserving dynamical consistency. We first show how the introduction of a hydro-340

static switch δNH into the exact Lagrangian yields quasi-hydrostatic equations in a general,341

non-axisymmetric geopotential. Turning then to the shallow-atmosphere approximation, we342

recover and generalize previously obtained equations sets (White and Wood 2012; Tort and343

Dubos 2013).344

a. Quasi-hydrostatic approximation345

A defining feature of quasi-hydrostatic systems (White and Bromley 1995; White and346

Wood 2012) is that the vertical balance loses its prognostic character and becomes a diag-347

nostic equation. (13) shows that this will be the case if ∂L̂/∂u3 = 0. In the Lagrangian348
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density (7) only K and C depend on u3. We therefore introduce a hydrostatic switch δNH349

and redefine the K and C as :350

K =
1

2
Giju

iuj +
δNH

2
G33u

3u3,

C = uiRj + δNHu
3R3.

Setting δNH = 1 gives the full equation set while setting δNH = 0 modifies the vertical351

momentum balance. From the energetic point of view, the total energy is now :352

E =
1

2
Giju

iuj +
δNH

2
G33u

3u3 + Φ + e.

Hence by setting δNH = 0 the vertical kinetic energy is neglected from the energy budget, as353

feature of hydrostatic systems (Holm et al. 2002). From a physical point of view, neglecting354

vertical kinetic energy is equivalent to setting the inertia of the fluid to zero for vertical355

motion which imposes that vertical forces balance each other. As is well known, the ratio of356

vertical to horizontal velocity scales like the ratio of the vertical to horizontal characteristic357

scales of the flow, so that those terms should be retained to model small-scale flows.358

To compare with White and Wood (2012) we now obtain the evolution equations for the359

physical components of velocity. For this the coordinates
(
ξk
)

need to be orthogonal, i.e.360

G12 = 0, which seems to require a zonally-symmetric geopotential. We therefore assume for361

the remainder of this subsection that the geopotential is zonally-symmetric, hence R3 = 0.362

Then it makes sense to define the metric factors hk =
√
Gkk. The physical components of363

velocity are then uk = hku
k (the reader will note the absence of summation in the expressions364

of hk and uk and that the notation uk does not refer to the covariant components of relative365

velocity) and :366

D

Dt

∂K

∂ui
− ∂K

∂ξi
= hi

Dui
Dt

+ uj
(
uihi∂jhi − ujhj∂ihj

)
+uiu3hi∂3hi − δNHu

3u3h3∂ih3,

D

Dt

∂K

∂u3
− ∂K

∂ξ3
= δNHh3

(
Du3

Dt

+ u3uj∂jh3

)
−ujujhj∂3hj.
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Assuming now zonally-symmetric coordinates, i.e R1 = Ωh2
1, R2 = R3 = 0, ∂1hk = 0, the367

Euler-Lagrange equations simplify to :368

h1
Du1

Dt
+ u2u1h1∂2h1

+u1u3h1∂3h1

+2Ωh1 (u2∂2h1 + u3∂3h1) = −1

ρ
∂1p,

h2
Du2

Dt
−u1u1h1∂2h1

+u2u3h2∂3h2 − δNHu
3u3h3∂2h3

−2Ωh1u
1∂2h1 = −1

ρ
∂2p,

δNHh3

(
Du3

Dt

+ u3u2∂2h3

)
−ujujhj∂3hj − 2Ωh1∂3h1u

1 = −1

ρ
∂3p− ∂3Φ.

(34)

When δNH = 1, (34) are precisely the non-hydrostatic equations (A.10-A.12) from White369

and Wood (2012) while when δNH = 0 the quasi-hydrostatic (A.13-A.15) are recovered.370

Notice that we have also checked that equations from Gates (2004) are recovered with oblate371

spheroidal coordinates with (ξ1, ξ2, ξ3) = (λ, φ, ξ) :372

r = c (cosh ξ cosφ cosλex (35)

+ cosh ξ cosφ sinλey + sinh ξ sinφez) .

Compared to the derivation by White and Wood (2012), we arrive here straightforwardly at373

several non-trivial results :374

• the necessity to neglect u3u2∂2h3 in the quasi-hydrostatic equations follows necessarily375

from the neglect of vertical kinetic energy in the Lagrangian, while White and Wood376

(2012) needed to reason on the energy budget to justify it.377

• the expression of the Coriolis force in terms of ∂2h1 and ∂3h1 derives naturally from378
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the expression of the covariant component of planetary velocity R3 = Ωh2
1, while a379

geometric reasoning was used in White and Wood (2012).380

• the non-traditional Coriolis term exists because ∂3R1 6= 0; an approximate system381

neglecting the vertical variations of R1 necessarily makes the traditional approximation.382

b. Sound-proof approximations383

Generally speaking, acoustic waves are suppressed if the feedback of pressure on density384

is suppressed. This can be achieved by constraining the value of ρ. The simplest sound-385

proof approximation is the Boussinesq approximation whereby ρ = ρr = cst but density386

modifications δρ due to entropy s are taken into account only in the potential energy i.e387

Φ (δρ). In this subsection we omit for brevity the kinetic K, Coriolis C and geopotential Φ388

terms of the Lagrangian as they are left untouched. One should bring these terms back into389

the Lagrangian in order to obtain the complete equations of motion. While the Boussinesq390

approximation is adequate for oceanic applications, it is important for atmospheric applica-391

tions to allow for large variations of ρ. This can be achieved with ρ ' ρ∗(s, ξk) = ρ(s, p∗(ξk))392

where p∗(ξk) is a background pressure, often taken to be hydrostatically balanced. Within393

a variational principle, such a constraint is enforced by augmenting the Lagrangian through394

the introduction of a Lagrangian multiplier λ. The corresponding augmented Lagrangian is395

:396

L̂(ρ̂, s, λ, ξk) = −e
(
J

ρ̂
, s

)
+ λ

(
J

ρ̂
− 1

ρ∗(s, ξk)

)
, (36)

ρ̂2∂L̂

∂ρ̂
= −J (p∗ + λ) , (37)

∂L̂

∂ξk
=

1

ρ̂

[
(p∗ + λ) ∂kJ + λρ∗−2∂ρ

∗

∂ξk

]
. (38)

In (36), λ enforces the condition that the expression that it multiplies vanishes, i.e ρ = ρ̂/J =397

ρ∗. The specific form chosen here gives λ the dimension of a pressure. Inserting the above398

into (13) one obtains the adiabatic equations of motion. It turns out that they coincide with399
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those derived in Cartesian coordinates by Klein and Pauluis (2011) by letting p = p∗ + λ400

with λ� p∗ and expanding up to first order in λ :401

ρ−1∂kp '
(
ρ∗−1 − λρ∗−2∂ρ

∂p

)
∂kp

∗ + ρ∗−1∂kλ.

Hence the Lagrange multiplier has the physical interpretation of a deviation of total pressure402

from p∗. The variational derivation of the equations obtained by Klein and Pauluis (2011)403

directly shows that they conserve potential vorticity. Conservation of energy holds if the404

background state p∗ is stationary and conservation of angular momentum holds for a zonally-405

symmetric background state.406

(36) simplifies for an ideal perfect gas because e/θ = κπ and α/θ = π/p depend only407

on pressure. Using θ as a prognostic variable and taking into account the constraint p =408

p∗, π = π∗ in e = κθπ yields :409

L̂(ρ̂, θ, λ, ξk) = −κθπ∗ + λθ

(
J

θρ̂
− π∗

p∗

)
. (39)

Variations of density with potential temperature are neglected, i.e ρ∗ ' p∗θ/π∗, if :410

L̂(ρ̂, θ, λ, ξk) = −κθπ∗ + λ

(
J

ρ̂
− 1

ρ∗ (ξk)

)
. (40)

Cotter and Holm (2013) have shown that Lagrangian (39) generates the pseudo-incompressible411

equations where λ′ = λθ is their Lagrangian multiplier and (40) generates the Lipps-Hemler412

anelastic equations, respectively. The more general Lagrangian (36) is, to the best of our413

knowledge, new.414

c. Shallow-atmosphere approximation415

In order to analyze the shallow-atmosphere approximation, we first need to define quan-416

titatively the shallowness of the atmosphere. For this let ∆Φ be the order of magnitude of417

the geopotential difference between the top and bottom of the atmosphere, both supposed to418

be close to a geopotential surface Φ = Φref = Φ(ξ3 = 0). Since ∇Φ = O(g0) where the refer-419

ence gravity g0 has been introduced in section 3, an order of magnitude of the atmospheric420
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thickness is H = ∆Φ/g0 and a measure of its shallowness is421

ε =
H

a
=

∆Φ

g0a
. (41)

Then r(ξk) can be expanded in powers of ε :422

r(ξk) = r
(
ξi, ξ3

ref

)
+ ξ3∂3r

(
ξi, ξ3

ref

)
+O(aε2), (42)

where the first two terms are O(a) and O(H = εa). Using expansion (42) to approximate the423

metric tensor Gkl implies at leading order that the vertical dependance of Gkl is neglected :424

Gkl(ξ
i, ξ3) ' Gref

kl (ξi), (43)

K ' 1

2
Gref
ij u

iuj + δNH

(
1

2
Gref

33 u
3u3

)
,

where Gref
ij = Gij (ξ1, ξ2, ξ3 = 0).425

Similarly, Φ(ξ3) can be expanded as :426

Φ = Φref + ξ3∂3Φref +O(ε2ag0). (44)

Notice that ∂3Φref is a constant (independent from ξi), hence (44) is equivalent to using an427

affine function of Φ as a vertical coordinate. With (43-44), gravity ∂3Φ/h3 ' ∂3Φref/h
ref
3428

becomes independent from ξ3 but can still depend on ξi.429

Regarding the Coriolis term C = uiRi + δNHu
3R3, it is tempting to simply evaluate it430

at ξ3 = 0. However this would neglect both the vertical dependance of the metric, which is431

justified by ε� 1 and the vertical dependance of the planetary velocity. As argued by Tort432

and Dubos (2013), the latter approximation requires more care and may not be justified if433

the planetary velocity is large compared to the fluid velocity, as measured by the smallness434

of the planetary Rossby number µ435

µ =
U

aΩ
, (45)

where U is a characteristic velocity scale. Indeed K = ṙ · ṙ = O(U2) while C = ṙ · R =436

O(UΩa). If µ ∼ ε, or more generally if µ� ε does not hold, an approximation to C should437
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retain terms of order O(U2). Explicitly :438

C = ujRj + δNHu
3R3,

' ujRref
j + δNTξ

3ui∂3R
ref
j

+δNH

(
u3Rref

3 + δNTξ
3u3∂3R

ref
3

)
.

where the switch δNT (non-traditional) is used to tag the terms that retain a dependance on439

ξ3. At this point we have retained the terms proportional to R3 for completeness. However440

since they vanish for a zonally-symmetric geopotential, they are likely small in the vast441

majority of applications. Therefore for the sake of simplicity we now drop them to finally442

retain only443

C = ui
(
Rref
j + δNTξ

3∂3R
ref
j

)
. (46)

The first term is O(UΩa) and the second one is O(UΩH) and can be safely neglected only444

if ΩH � U , i.e. ε � µ. This condition is not met by typical oceanic flows and marginally445

met by typical atmospheric flows (Tort and Dubos 2013).446

In order to compare the equations resulting from (43,44,46) with White and Wood (2012),447

we assume again that the coordinate system is orthogonal and zonally-symmetric and derive448

the evolution equations for the physical velocity components. For this, starting from (34),449

it suffices to let ∂3hk = 0, except for R1 :450

∂2R1 = Ω∂2

((
1 + δNTξ

3∂3

)
h2

1

)
,

= 2Ω

(
h1∂2h1 + δNT

ξ3

2
∂23h

2
1

)
,

∂3R1 = Ω∂3

((
1 + δNTξ

3∂3

)
h2

1

)
= 2δNTΩh1∂3h1,
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where it is implied that h1 and ∂3h1 are evaluated at ξ3 = 0. Hence (34) become451

h1
Du1

Dt
+ u2u1h1∂2h1

+2Ωu2

(
h1∂2h1 + δNT

ξ3

2
∂32h

2
1

)
(47)

+δNT 2Ωu3 h1∂3h1 = −1

ρ
∂1p,

h2
Du2

Dt
− u1u1h1∂2h1

−δNHu
3u3h3∂2h3 (48)

−2Ωu1

(
h1∂2h1 + δNT

ξ3

2
∂32h

2
1

)
= −1

ρ
∂2p,

δNHh3

(
Du3

Dt

+ u3u2∂2h3

)
(49)

−δNT 2Ωu1 h1∂3h1 = −1

ρ
∂3p

−∂3Φ.

If δNT = 0, the traditional shallow-atmosphere equations (A16-A21) from White and Wood452

(2012) are recovered. On the other hand if one makes the spherical-geoid approximation and453

uses as coordinates (ξ1, ξ2, ξ3) = (λ, φ, z = (Φ− Φref ) /g), then h3 ' 1, h1 ' (a + z) cosφ,454

leading at z = 0 to h1 = a cosφ, ∂3h1 = cosφ, ∂32h
2
1 = −4a sinφ cosφ so :455

h1∂2h1 + δNT
ξ3

2
∂32h

2
1 = −a2 sinφ cosφ

(
1 + δNT

2z

a

)
,

and equations (14) from Tort and Dubos (2013) are recovered. As in Tort and Dubos (2013),456

the reintroduction of the non-traditional Coriolis terms (proportional to Ωu3 for Du1/Dt457

and Ωu1 for Du3/Dt) must be accompanied by a correction of the traditional Coriolis terms458

(proportional to Ωu2 for Du1/Dt and Ωu1 for Du2/Dt) in order to retain all conservation459

laws.460

d. Non-spherical geopotential corrections461

Although the spherical geometry is relevant to describe our planet, under specific circum-462

stances and for some other planets, the flattening at the poles inducing a latitudinal variation463
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for g may have significant effects and should be taken into account to estimate those effects.464

The non-spherical corrections from a spherical model at the leading order described in sub-465

section 3.b allows us to consider nearly-spherical geometry and geopotential. In this section,466

we assume an axisymmetric geopotential but slightly flattened at the poles. Flattening is467

characterized by the small parameter γ and the set of nearly-spherical coordinates defined468

in subsection 3.c is used. In addition to (29), we have:469

470

∂λr = (R cosφ+ γ (−aφ sinφ+ aR cosφ)) eλ.

The coordinate system is horizontally orthogonal (G12 = 0) and we neglect coefficients Gi3471

because they are O(γ2). Hence the metric tensor is diagonal with Gii = h2
i such as :472

h2
λ = R cosφ (R cosφ+ 2γH) ,

h2
φ = R (R + 2γG) ,

h2
ξ = dξR (dξR + 2γ∂ξaR) ,

(50)

where H (φ, ξ) = −aφ sinφ+aR cosφ and G (φ, ξ) = aR+∂φaφ. To obtain the non-hydrostatic473

deep equations of motion with non-spherical corrections at leading order, the corrections to474

K and C at order O(γ) are being retained :475

476

K =
1

2

(
h2
λλ̇

2 + h2
φφ̇

2 + δNHh
2
ξ ξ̇

2
)
, (51)

C = Ωh2
λλ̇, (52)

where the expression of
(
h2
λ, h

2
φ, h

2
ξ

)
are given in (50). In terms of the scaling used in subsec-477

tion c, K and C are asymptotically correct up to O(µγ) and O(γ) respectively. Therefore if478

µ � 1 it is asymptotically consistent to retain only the non-spherical corrections to C and479

neglect those to K. In order to usefully retain corrections O(µγ) to K, the expansion of480

C should be more accurate and the expansion sketched in 3.2 should be pursued to order481

O(γ2). It is of course possible to retain the corrections O(µγ) to K and expand C only to482
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O(γ) but the resulting model would not be more accurate than the simpler model where K483

is not corrected for non-spherical effects.484

Notice that if the atmosphere is shallow (ε� 1), retaining the full dependance of R and485

Φ on ξ3 in the Lagrangian amounts to retaining terms of all orders in εn in the expansion of486

the Lagrangian in powers of ε. For large-scale atmospheric motion on the Earth, the order487

of magnitude of dimensionless parameters are typically equal to:488

γ ∼ 3.4× 10−3, µ ∼ 2.1× 10−2, ε ∼ 1.6× 10−3.

Because of the fast planetary rotation of Saturn (index s) and Jupiter (index j), the flattening489

is quite important, in fact larger than (µ, ε):490

γs ∼ 1.8× 10−1, µs ∼ 3.1× 10−2, εs ∼ 6.7× 10−4,

and491

γj ∼ 9.6× 10−2, µj ∼ 4.0× 10−3, εj ∼ 2.8× 10−4.

In the above regimes it would be consistent to neglect the O(µε) and O(µγ) corrections to K492

while retaining the O(ε) and O(γ) corrections to C. The leading-order corrections to K +C493

are therefore those of C. Compared to a spherical-geopotential, shallow-atmosphere model,494

corrections O(ε) are those of Tort and Dubos (2013) and restore a complete Coriolis force,495

while corrections O(γ) modify slightly the traditional Coriolis term.496

5. Discussion: full asymptotic consistency497

Invoking Hamilton’s principle of least action from an approximated Lagrangian will sys-498

tematically lead to dynamically consistent equations set i.e with the appropriate conserved499

quantities, no matter how carefully the Lagrangian is approximated. Hence dynamical con-500

sistency is not dependent on asymptotic consistency, understood as the condition that the501

smallest terms retained are larger than largest terms neglected. Depending on the dynamical502
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regime which is considered, it is still desirable to check the asymptotic consistency of the503

model in order not to overestimate its accuracy.504

Tort and Dubos (2013) have derived equations resulting from a consistent asymptotic505

development of kinetic energy K +C in the approximated Lagrangian. However no asymp-506

totic expansion was performed for geopotential Φ nor internal energy e, and only the leading507

order term was retained for them. Until such an expansion has been done, it is not known508

whether the model obtained by Tort and Dubos (2013) is actually more accurate at order509

O(ε) than a traditional shallow-atmosphere model. We now investigate this point as an510

illustrative example of the issue of asymptotic consistency. Hence we expand the potential511

and internal energy terms to include a O(ε) correction, and analyze whether the additional512

terms appearing in the equations of motion can be consistently neglected compared to all513

other retained terms. The dependance of internal energy on ε comes from the ratio r2 cosφ514

between specific volume and pseudo-density :515

α =
r2 cosφ

ρ̂
' a2 cosφ

ρ̂
+

2az cosφ

ρ̂
= αs + α′,

e(α, s) ' e(αs, s)− psα′,

p(α, s) ' p(αs, s)−
(
c

αs

)2

α′ = ps + p′,

where α′ � αs and p′ � ps are O(ε) corrections to the shallow-atmosphere expressions αs516

and ps, and we have used
∂p

∂α

∣∣∣∣
αs

= −
(
c

αs

)2

with c the sound speed. Regarding potential517

energy :518

Φ(z) = a2g0

(
1

a
− 1

a+ z

)
' g0z

(
1− z

a

)
, (53)

which results into a O(ε) correction to g = dΦ/dz in the vertical momentum balance.519

To proceed and compare these corrections to the other terms retained in the equations520

of motion we need to make an assumption on the order of magnitude of the pressure terms.521

Assuming a nearly-geostrophic regime, the horizontal pressure gradient is of the same order522

of magnitude as the traditional Coriolis term. Since the latter has been expanded to the523

next order in ε, the O(ε) corrections to the pressure gradient should be retained also. Having524
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retained these corrections in the Lagrangian, they will appear in the vertical balance as O(ε)525

corrections to ∂zps, whose order of magnitude is ρg0. Hence O(ε) corrections to Φ(z) should526

be included in the Lagrangian, with the effect of taking into account small vertical variations527

of gravity. Finally, the dynamically and asymptotically consistent density Lagrangian will528

be :529

L̂ =
1

2
a
(
a cos2 φλ̇+ aφ̇+ 2 cos2 φΩ (a+ 2z)

)
−g0z

(
1− z

a

)
− e

(
a cos2 φ (a+ 2z)

ρ̂
, s

)
. (54)

The first term in (54) correspond to the non-traditional shallow-atmosphere kinetic en-530

ergy of Tort and Dubos (2013) for which only the vertical dependance of planetary part is531

retained. The second term is the potential energy where vertical variation of gravity acceler-532

ation is retained at order O(ε). The last term is the internal energy and takes into account533

the slightly conical shape of an atmospheric columns at order O(ε).534

A consistent asymptotic development is then obtained at leading order in an expansion in535

ε, retaining vertical variations of planetary velocity, of the Jacobian and of the gravity accel-536

eration. Note that in a different dynamical regime, e.g. near the Equator where geostrophic537

balance breaks down, it may be asymptotically consistent to neglect the above corrections538

to the internal and potential energy. Furthermore :539

• using the vertical coordinate Z introduced by Dellar (2011) such as r2dr = a2dZ and540

Z|r=a= 0, will give the exact pressure gradient without any approximation, because541

J = a2 cosφ. On the other hand, the geopotential and planetary velocity will take a542

non-trivial form as a function of the vertical coordinate Z.543

• using the geopotential as vertical coordinate ξ3 = Φ will give the exact geoptential544

term in the vertical balance i.e dΦΦ = 1 or dξ3Φ if Φ (ξ3), but will give a non-trivial545

form of planetary velocity and pressure gradient.546

The above discussion may be generalized to all other approximations. If one wants to add547

a non-zero vertical acceleration, one may check its order of magnitude by introducing an548
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horizontal scale L� a and comparing with all the other terms in the equations. Taking into549

account non-spherical corrections in the geopotential as in previous section, the Jacobian J550

has to be developed at O (γ) order for asymptotic consistency.551

White et al. (2005) pointed out that taking into account a latitudinal variation of gravity552

acceleration g, within the spherical geopotential approximation, will produce spurious sources553

of potential vorticity and then will lead to a dynamically inconsistent model. Our analysis554

confirms this : latitudinal variations of g will arise only if at least O(γ) corrections to the555

Jacobian J are included in the expressions for internal and potential energy (as done above556

with O(ε) corrections).557

6. Conclusion558

In this paper, we have described a general variational framework which allows a system-559

atic derivation of equations of motion, for a large panel of approximations. The derivation560

highlights the essence of usual geophysical approximations and provides dynamically consis-561

tent systems in the sense that all physical properties of conservation are ensured.562

563

We first considered a general class of Euler-Lagrange equations from which a wide-range564

of dynamically consistent equations of motion can be obtained without doing any variational565

calculus. We then identified new Lagrangians corresponding to existing equations of motion,566

originally derived by manipulating and approximating the exact equations of motion rather567

that the Lagrangian (Klein and Pauluis 2011; White and Wood 2012). We also extended568

Tort and Dubos (2013) by:569

• considering a zonally-symmetric (not spherical) geopotential in a general orthogonal570

coordinate system,571

• expanding geopotential and internal energy at next order in atmospheric shallowness572

ε to achieve asymptotic consistency in geostrophically balanced flow.573
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The last extension underlines the difference between dynamical and asymptotical consis-574

tency. All approximations in equations (32) and (33) can be made independently as soon as575

expressions for K,Ri,Φ, ∂ip/ρ are kept identical in the equations. This leads to sometimes576

rather exotic but still dynamically consistent models. As an example, keeping exact metric577

terms in K and neglecting vertical variations in C, a dynamically consistent deep-atmosphere578

model with incomplete Coriolis force is obtained. But it will not be asymptotically consis-579

tent because some of the terms which are retained are smaller than some terms which are580

neglected. The asymptotic consistency typically depends on the dynamical regime which is581

considered. Close to a geostrophic regime, Tort and Dubos (2013)’s equations are not asymp-582

totically consistent. To be consistent, next-order vertical variations of J = a cosφ (a+ 2z)583

and Φ = g0z (1− z/a) have also to be retained. The equations derived by Tort and Dubos584

(2013) should nevertheless correctly capture the full Coriolis force in far-from-geostrophic585

situations, e.g. near the Equator.586

587

We finally provided a method to obtain explicit metric terms corresponding to a nearly-588

spherical geopotential. It should be quite easy, then, to include non-spherical corrections in589

an existing general circulation model. As for non-traditional regime, to achieve asymptotical590

consistency close to a geostrophic regime, corrections at first-order in γ should be retained:591

• in the Coriolis term: ΩR cosφ(R cosφ+ 2γH) +O(γ2),592

• in the Jacobian J = hλhφhξ from (50):593

J = R2 cosφdξR + γR (∂ξaRR cosφ+G cosφdξR +HdξR) +O(γ2),594

• in the geopotential (27): Φ =
a2g0

r
+ γ(...) +O(γ2).595

In the table 1, µ, ε, γ have been estimated for a few giant planets using large-scale parameters596

from Cho and Polvani (1996); Cho et al. (2003); Showman and Polvani (2011). Taking into597

account non-spherical geopotential corrections could be relevant to model rapidly rotating598

giant gas planets for which the equatorial bulge is more significant than for the Earth.599
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Already a few exoplanets have been modeled (Cho et al. 2003; Showman and Polvani 2011;600

Mayne et al. 2014). For the exoplanets HD202458b and HD189733b, the aspect ratio ε601

and the flattening γ are of order O(µ2) or even smaller. Therefore, the contribution of the602

centrifugal force should be taken into account if one wishes to include the non-traditional603

and/or non-spherical effects.604

Comment605

Shortly before submitting this manuscript, the authors became aware of independent work606

by Andrew Staniforth, sharing a number of goals and results, recently submitted to the607

Quat. J. Roy. Met. Soc.608
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Giant planets Solar Extrasolar
Jupiter Saturn Uranus Neptune HD 209458b HD 189733b

µ (10−2) 0.4 3 11 12 19 15
ε (10−2) 0.03 0.07 0.13 0.12 2 0.24
γ (10−2) 9.5 18 2.9 2.2 0.55 0.42

Table 1. Estimations of large-scale parameters µ, ε, γ
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